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Preface

These lecture notes do not attempt to cover the subject in its full extent. There are
several excellent books that go much deeper into renormalization theory, or into
the physical applications to critical phenomena and related topics. In writing these
notes I did not mean either to cover the more recent and exciting aspects of the
subject, such as quantum criticality, two-dimensional conformal invariance, disor-
dered systems, condensed matter applications of the AdS/CFT duality borrowed
from string theory, and so on.

A knowledge of the renormalization group and of field theory remains a nec-
essary part of today’s physics education. These notes are simply an introduction
to the subject. They are based on actual lectures, which I gave at Sun Yat-sen
University in Guangzhou in the fall of 2008. In order not to scare the students,
I felt that a short text was a better introduction. There are even several parts that
can be dropped by a hasty reader, such as GKS inequalities or high-temperature
series. However, high-T series lead to an easy way of connecting geometrical crit-
icality, such as self-avoiding walks and polymers or percolation to physics. I have
chosen not to use Feynman diagrams; not that I think that they are unnecessary,
I have used them for ever. But since I did not want to require a prior exposition to
quantum field theory, I would have had to deal with a long detour, going through
connected diagrams, one-particle irreducibility, and so on. I have chosen instead to
base everything on the loop expansion of the free energy, not going here beyond one
loop. This method, known nowadays as the background field method, is powerful
(specially when dealing with symmetries) and natural from the viewpoint of statis-
tical mechanics. (However, the more technical Chapter 13, on the renormalization
of the non-linear sigma model, is aimed at readers who have some familiarity with
diagrams.)

In spite of the briefness of these notes I wanted to make it clear why, after
K. Wilson’s work, not only were critical phenomena understood but the under-
standing of the meaning of renormalizability in quantum field theory changed

ix



x Preface

drastically. It became clear that a beautiful renormalizable theory, such as quan-
tum electrodynamics, was merely an effective theory, rather than a theory able
to describe electromagnetism from astronomical distances down to vanishingly
small length scales. This does not deprive QED from its exceptional beauty and
its astounding agreement with experiment. In the post-Wilson analysis its renor-
malizability results from the fact that, like critical phenomena, the present day
experiments, even at the highest presently available accelerator energies, deal with
very large length scales in comparison to those at which new physics must occur.
Why ‘must’? It is because, unlike QCD, QED lacks ‘asymptotic freedom’, with the
consequence that QED is ‘trivial’, meaning that it is only for a vanishingly small
charge of the electron that it could deal with the smallest length scales. So viewing
such theories, in the light of critical phenomena, told us that there has to be new
physics at short distance.

Many books overlap part or most of the material of these lectures; among a long
list, here is a short selection:

• John Cardy, Scaling and Renormalization in Statistical Physics (Cambridge: Cambridge
University Press, 1996).

• Giorgio Parisi, Statistical Field Theory (New York: Addison-Wesley, 1988).
• J. Zinn-Justin, Quantum Field Theory and Critical Phenomena, 3rd edn (Oxford: Oxford

University Press, 2002).
• J. Zinn-Justin, Phase Transitions and the Renormalization Group (Oxford: Oxford

University Press, 2007).
• D. J. Amit and V. Martin-Mayor, Field Theory, the Renormalization Group and Critical

Phenomena (Singapore: World Scientific, 2005).
• C. Itzykson and J. M. Drouffe, Statistical Field Theory, vols 1 and 2. (Cambridge:

Cambridge University Press, 1989).

Note also the historical article based on K. Wilson’s lectures in Princeton (1971–
72): K. G. Wilson and J. Kogut, The renormalization group, Phys. Rep., 12c (1974)
75. Several books in the long series devoted to Phase Transitions and Critical Phe-
nomena, edited by C. Domb and M. Green, and later by C. Domb and J. Lebowitz,
will provide additional light on some of the topics of these lectures; see, e.g., vol. 6
of the series.
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A few well-known basic results

This chapter is just a reminder of some basic results concerning equilibrium
statistical mechanics and of a few algebraic techniques used in this book.

1.1 The Boltzmann law

For a system at equilibrium in contact with a heat bath (or thermostat) at tempera-
ture T , the configurations of the particles and the total energy are random variables.
The equilibrium probability distribution for N identical particles confined in a box
of volume V , whose dynamics are governed by a Hamiltonian H , is given by the
Boltzmann–Gibbs distribution

ρ = 1

Z
e−βH , (1.1)

in which β is related to the temperature by

β = 1

kT
. (1.2)

1.1.1 The classical canonical ensemble

For classical particles, in three dimensions, ρ is a probability measure in the 6N -
dimensional phase space (pa, qa), a = 1 . . . 3N and the expectation value of an
observable A(p, q) is given by

〈A〉 =
∫

dτ A(p, q)ρ(p, q), (1.3)

in which dτ is the measure dτ = 1
h3N

1
N !
∏3N

1 dpadqa. The integrals over the
positions qa are such that every particle is confined in a box of volume V .

The factor 1/h3N , in which h has the dimension of an action (i.e., M L2T−1),
makes dτ dimensionless. Any constant with that dimension would work but the

1



2 A few well-known basic results

classical limit of quantum statistical mechanics provides Planck’s constant,
h = 2π�.

The factor 1/N ! is also of quantum origin: Pauli’s principle allows only for one-
dimensional representations of the permutation group of N particles, completely
symmetric (bosons) or completely antisymmetric (fermions). This selects only one
state out of the degenerate N ! states obtained by permutations of one of them.

The normalization is fixed by 〈1〉 = 1, which gives the partition function Z :

Z(β, N , V ) =
∫

dτe−βH . (1.4)

1.1.2 The quantum canonical ensemble

The density matrix ρ, given by (1.1), is an operator in the Hilbert space of symmet-
ric states for integer spin particles, or antisymmetric states for half-integer spins, for
N particles confined in a box of volume V . The expectation value of an observable
A is given by

〈A〉 = Tr(ρA) = 1

Z
TrAe−βH (1.5)

and thus the partition function is given by

Z(β, N , V ) = Tr e−βH . (1.6)

If the eigenvalues of the N -body Hamiltonian are labelled as Ei , then

Z =
∑

i

e−βEi . (1.7)

If the energy Ei has a degeneracy wi then

Z =
′∑

e−β(Ei−T Si ), (1.8)

in which Si = k logwi and the last sum runs over distinct energies. This expression
shows that the dominant contributions are those that minimize the combination
E − T S, a competition between energy and entropy to which we shall return in the
next section.

Exercise 1
Quantum effects arise when the typical de Broglie wavelength associated with a
particle becomes comparable to the interparticle distance. Estimate the tempera-
ture below which quantum effects should be taken into account for a gas of nitrogen
of atmospheric density.
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1.1.3 The grand canonical ensemble

If the system, in contact with a heat bath, can also exchange particles with a reser-
voir at temperature T and chemical potential μ, the number of particles is also a
random variable. In the simple case in which the Hamiltonian HN does not change
the number of particles, the probability distribution is given by a collection of ρN

given by

ρN = 1

ZG
eαN−βHN , (1.9)

with

μ = α

β
, (1.10)

normalized by

ZG(α, β, V ) =
∑

N

eαN Tr e−βHN ,

in which V is the volume of the box in which the particles are confined. (If the
Hamiltonian does not conserve the number of particles, it is necessary to use the
Fock space; this will not be needed within these lectures.)

1.2 Thermodynamics from statistical physics

The canonical free energy is given by

F(β, N , V ) = − 1

β
log Z . (1.11)

Exercise 2
Show that the pressure, the entropy and the chemical potential of the system can all
be related to the partition function. Compute the partition function for a classical
gas of non-interacting particles.

1.2.1 The thermodynamic limit

The thermodynamic limit is the limit in which N and V go to infinity with a fixed
ratio ν = N/V . In this limit one can show that, for particles with short-range
interactions, the canonical log Z , and thus F are extensive, namely

lim
N→∞,V→∞

∣∣∣∣
N/V=ν

(
1

N
log Z

)
(1.12)

exists and is a function of the two intensive variables ν and β. Similarly, for the
grand canonical ensemble, limV→∞ 1/V log ZG exists and is a function of the
intensive variables, temperature and chemical potential.
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Exercise 3
Verify this extensivity for N free classical particles in a box. Reminder: Stirling’s
formula N ! = √2πN

(
N
e

)N (
1+ O

(
1
N

))
.

For charged particles, such as electrons with Coulomb interactions, the ther-
modynamic limit exists, provided that (a) the system is neutral, i.e., the charge
of the ions compensates the charge of the electrons, (b) the system is quantum
mechanical, (c) Pauli’s principle is taken into account.1

Exercise 4
Assume that the potential energy of N interacting classical particles is a homoge-
neous function

V (λq1 · · · λq3N ) = |λ|s V (q1 · · · q3N ).

Show that the pressure p(ν, T ), where ν = N/V , satisfies the relation

p(ν, T ) = T 1−3/sϕ(νT 3/s).

Assume that at low temperature T0 the isotherm in the (p, V ) plane presents a
phase transition between two phases of different densities. Can there be a critical
point for this phase transition, i.e., a temperature at which the transition between
the two phases disappears?

1.3 Gaussian integrals and Wick’s theorem

1. One variable ∫ +∞

−∞
dxe−

1
2 ax2 =

√
2π

a
. (1.13)

2. n variables ∫
Rn

dx1 · · · dxne−
1
2

∑
xi Ai j x j = (2π)n/2√

det A
. (1.14)

A = At is here a real symmetric matrix with positive eigenvalues. It can thus be diag-
onalized by an orthogonal transformationω, i.e., A = ωt Dω, in which D is the diagonal
matrix of the eigenvalues (a1, . . . , an) of A. The change of variables ωx = y whose
Jacobian (| detω|−1) is equal to one, leads to the solution.

3. n variables in a source∫
Rn dx1 · · · dxne− 1

2

∑
xi Ai j x j+∑ bi xi∫

Rn dx1 · · · dxne− 1
2

∑
xi Ai j x j

= e
1
2

∑
bi A−1

i j b j . (1.15)

Translate x = y + A−1b .

1 J. Lebowitz and E. Lieb, Phys. Rev. Lett., 22 (1969) 631.
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4. Wick’s theorem
Apply to (1.15) the operation ∂

∂bi1
· · · ∂

∂bi2n
and then set all the bi = 0. The l.h.s. gives

〈
xi1 · · · xi2n

〉 = ∫
Rn dx1 · · · dxne− 1

2

∑
xi Ai j x j xi1 · · · xi2n∫

Rn dx1 · · · dxne− 1
2

∑
xi Ai j x j

. (1.16)

Applying this to the r.h.s. of (1.15) we can limit ourselves to the term 1
(n)!2n ×(∑

bi A−1
i j b j

)n
; indeed terms of lower degree in the expansion of the exponential will

give zero by differentiation; terms of higher degree will give zero because they are left
with b and vanish at b = 0. Therefore,〈

xi1 · · · xi2n

〉 = ∂

∂bi1

· · · ∂

∂bi2n

1

(n)!2n

(∑
bi A−1

i j b j

)n
. (1.17)

Define a complete pairing of the ∂
∂b such that each ∂

∂bi
has a partner. For this particular

pairing, the two paired differentiations go to the same
∑

, but there are n! ways of
associating the sums and the chosen pairing. Once this association is made, one has
simply to note that

∂

∂bk

∂

∂bl

∑
bi A−1

i j b j = 2A−1
kl .

Therefore the n!2n cancels and we are left with the result, known as Wick’s theorem,
for Gaussian integrals. 〈

xi1 · · · xi2n

〉 = ∑
pairings

∏
each
pair

A−1
ia ib
. (1.18)

Exercise
Compute the integral

I =
∫

R2 dxdy x4 y2e−(x2+xy+2y2)∫
R2 dxdye−(x2+xy+2y2)

.

Answer

I = 144

343
,

since

I = 3(〈xx〉)2〈yy〉 + 12〈xx〉(〈xy〉)2,
in which

〈xx〉 = A−1
11 〈xy〉 = A−1

12 〈yy〉 = A−1
22 ,

with

A =
(

2 1
1 4

)
A−1 = 1

7

(
4 −1
−1 2

)
.
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1.4 Functional derivatives

A functional F{ f } is an application from a space of functions f to a complex or
real number F . For instance the action integral for the motion of a particle, located
at the position q(t) at time t , with potential energy V (q) is the functional of the
trajectory given by

S{q} =
∫ t2

t1

dt
[m

2
q̇2 − V (q)

]
. (1.19)

Let us work with functions f of a single real variable x (the generalization to
functions of more variables is immediate). The derivative of the functional with
respect to f (x) at x = x0 is defined as follows. Let us consider an increment
εδη(x − x0); the function δη(x) is centred at the origin, and it has a width η; it is
normalized to one, i.e.,

∫
R δη(x)dx = 1. When η goes to this zero, this increment

approaches the Dirac distribution δ(x). (For instance δη(x) = 1
η
√

2π
e−x2/2η2

.) One
computes next the increment of the functional

�F = F{ f + εδη(x − x0)} − F{ f }. (1.20)

The functional derivative of F at x0 is defined as

δF

δ f

∣∣∣∣
x0

= lim
η→0

lim
ε→0

�F

ε
. (1.21)

The limits have to be taken in the order indicated: if we let ε go to zero first, we
avoid non-linearities in δη. In the opposite order we would encounter powers of δη,
which do not have a limit when η goes to zero.

Let us apply this to the above action functional:

lim
ε→0

1

ε
[S{q(t) + εδη(t − t0)} − S{q}]

=
∫ t2

t1

dt[mq̇ δ̇η(t − t0)− V ′(q)δη(t − t0)]. (1.22)

After an integration by parts of the first term one ends up with

δS

δq
(t0) = −mq̈(t0)− V ′(q(t0)) (1.23)

and Newton’s law is just given by the vanishing of this functional derivative for
any t0: the action is stationary (in fact a minimum) for the classical trajectory.

1.5 d-dimensional integrals

The rules are simple but they may surprise the reader who sees them for the first
time. Whenever the dimension d is an integer, the d-dimensional integral is the



1.5 d-dimensional integrals 7

ordinary integral over the whole space Rd . But, for arbitrary d, one applies the
following rules:

(a)
∫

ddq f (q + p) = ∫ ddq f (q),
(b)

∫
ddq f (λq) = |λ|−d

∫
ddq f (q).

If q1 is a d1-dimensional vector and q2 is a d2-dimensional vector and
f (q)= g1(q1)g2(q2) with d = d1 + d2, then

(c)
∫

ddq f (q) = ∫ dd1q1g1(q1)
∫

dd2q2g2(q2).

Consequences:

• From (b) the only finite solution to an integral, such as
∫

ddq(q2)k is∫
ddq(q2)k = 0

for any positive or negative real number k, including k = 0. Note that this integral never
exists as an ordinary integral for integer dimensions. The consistency of this rule will be
checked below.

• The same would apply to any scale-invariant integral, such as∫
ddq1ddq2(q

2
1 )

k
[
(q1 + q2)

2
]l = 0.

• From (c) ∫
ddq e−q2 =

[∫ +∞

−∞
dxe−x2

]d

= πd/2.

Let us use these rules to calculate simple integrals:∫
ddq(q2 + 1)−k = 1

�(k)

∫
ddq

∫ ∞

0
e−λ(q

2+1)λk−1dλ

= πd/2

�(k)

∫ ∞

0
dλλk−d/2−1e−λ = πd/2�(k − d/2)

�(k)
.

One can also compute this integral in ‘spherical’ coordinates:∫
ddq(q2 + 1)−k = 2πd/2

�(d/2)

∫ ∞

0
dx xd−1 1

(x2 + 1)k

= 2πd/2

�(d/2)

1

2

∫ 1

0
dy yk−d/2−1(1− y)d/2−1

= πd/2�(k − d/2)

�(k)
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(change 1/(1+ x2) = y). It is easy to verify on examples, such as d = 3 and k= 2,
that whenever the integral exists in the ordinary sense it is indeed given by this
result.

To check the consistency of rule (b) let us compute

J =
∫

ddq
1

q2(q2 + 1)
.

If we use spherical coordinates,

J = 2πd/2

�(d/2)

∫ ∞

0
dx xd−3 1

x2 + 1
= 2πd/2

�(d/2)

1

2

∫ 1

0
dy y1−d/2(1− y)d/2−2

= πd/2

�(d/2)
�(2− d/2)�(d/2− 1).

It is easy to verify that, for d = 3, J exists as an ordinary integral and is indeed
given by this result. Alternatively, using the identity 1

q2(q2+1)
= 1

q2 − 1
q2+1

, we find,
from rule (b) and the above k = 1 result,

J = 0− πd/2�(1− d/2),

and it is easy to check that this coincides with the above result for J .

Additional references

Shang-Keng Ma, Statistical Mechanics, (Singapore: World Scientific, 1998).
L. P. Kadanoff, Statistical Physics, Statics, Dynamics and Renormalization, (Singapore:

World Scientific, 2000).

On the existence of the thermodynamic limit:

David Ruelle, Statistical Mechanics: Rigorous results, (New York: Benjamin, 1969).
Kerson Huang, Statistical Mechanics, (New York: Wiley, 1963), Appendix C.



2

Introduction: order parameters, broken
symmetries

2.1 Can statistical mechanics be used to describe phase transitions?

A phenomenological description of a phase transition does not raise any spe-
cial difficulty a priori. For instance, to describe the solidification of a gas under
pressure, one can make a simple theory for the gaseous phase, e.g., an ideal gas
corrected by a few terms of the virial expansion. Then, for the solid, one can use
the extraction energies of the atoms, and the vibration energies around equilib-
rium positions. These calculations will provide a thermodynamic potential for each
phase. The line of coexistence between the two phases in the pressure–temperature
plane will be determined by imposing the equality of the two chemical potentials
μI (T, P) = μI I (T, P).

If this method may turn out to be useful in practice, it does not answer any
of the questions that one can raise concerning the transition between the two
states. Indeed the interactions between the molecules are not statistical in nature:
they are independent of the temperature, or of the pressure; the Hamiltonian is
a combination of kinetic energy and well-defined interaction potentials between
pairs of molecules. How can one see in such a description, following the prin-
ciples established by Boltzmann, Gibbs and their successors, that at equilibrium
the same molecules can form a solid or a fluid, a superconductor, a ferromag-
net, etc., without any modification of the interactions? It is so far from obvious
that, for a long time, some believed that the principles of statistical mechanics had
to be completed to allow for the possibility of a phase transition. It is only after
Peierls’ 1936 work (which will be reviewed below)1 and Onsager’s2 solution of
the two-dimensional Ising model, that it became manifest that the ordinary prin-
ciples of statistical mechanics contained the possibility of phase transitions and

1 R. Peierls, Proc. Cambridge Phil. Soc., 32 (1936) 477.
2 L. Onsager, Crystal statistics: a two-dimensional model with an order–disorder transition, Phys. Rev., 65

(1944) 117.

9



10 Introduction: order parameters, broken symmetries

critical points. (A critical point is the endpoint of a line of coexistence between
two phases, such as the endpoint of the liquid–vapour line of coexistence in the
(p, T ) plane. Beyond this point there is only one phase, the fluid phase.)

These same contributions also demonstrated how singularities, such as discon-
tinuities, or divergences of physical quantities at critical points, could arise in
statistical mechanics, whereas one could have thought, a priori, that they were not
possible. Indeed the thermodynamic properties are determined by the knowledge
of the free energy, proportional to log Z , with

Z =
∑
C

e−βE(C). (2.1)

Each term of the sum is analytic in the temperature (except at zero temperature).
Assuming that there is a finite number of distinct configurations, as will be the
case in many situations that we are going to study, such as the Ising model, then the
partition function is analytic in T , as well as the free energy F = −kT log Z , unless
Z vanishes. But Z does not vanish for real values of T , and thus F is non-singular
on the real temperature axis. One can thus conclude that singularities cannot exist
at any real non-zero temperature: in other words, phase transitions do not exist!

We shall see that the solution to this paradox is that the number N of constituents
is so large that one almost always observes experimentally only the thermodynamic
limit and the simplistic argument that I have just used fails in that limit.

2.2 The order–disorder competition

To make the discussion more concrete, I shall introduce immediately the Ising
model, whose physical significance will be explained in the next section. We con-
sider a periodic lattice with N sites in dimension d. To each site i one attaches a
‘spin’:

σi = ±1 (2.2)

(for a true spin this would be simply the eigenvalues of one component of a spin 1
2 ,

up to a factor �/2). Therefore, there are 2N configurations C

C = (σ1, . . . , σN ). (2.3)

We now have to define the energy of a configuration C. In the simplest model
introduced by Ising, a student of Lenz, in 1925,3 one assumes that only pairs of

3 Ising solved the model in one dimension, in which there is no phase transition and conjectured (erroneously)
on that basis that the model could not describe a phase transition.
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neighbouring spins interact. In other words, given two spins σi and σ j , their energy
of interaction is

E(σi , σ j ) =
⎛⎝ 0 (if i and j are not nearest neighbours)
−J (if i and j are nearest neighbours and σi = σ j )

+J (if i and j are nearest neighbours and σi = −σ j )

⎞⎠ .
(2.4)

In other words, for two neighbouring sites i and j

E(σi , σ j ) = −Jσiσ j . (2.5)

If J is positive (ferromagnetic interaction) the energy is lower for parallel spins.
The energy for the whole lattice is the sum of the pair energies of neighbouring
sites, i.e., for the configuration C,

E(C) = −J
∑
〈i, j〉

σiσ j , (2.6)

where, by convention, the bracket 〈i, j〉 limits the sum to all the pairs of nearest
neighbours. The minimum energy (for J > 0) is reached for the two configurations
in which all the spins are parallel,

Emin = −J L , (2.7)

in which L is the total number of links.

Exercise
Compute L/N for a hypercubic lattice in dimension d, N large.

Therefore, the state of the system at zero temperature will depend on the bound-
ary conditions. To obtain a pure state one may ‘freeze’ the spins on the boundary.
For instance, one may introduce a layer of external spins frozen to the value
σ = +1 interacting with their neighbours. Then the configuration of minimum
energy is σi = +1 for the whole lattice. There is, of course, a second pure state
with σi = −1. Other boundary conditions, such as free boundary conditions, would
lead, at zero temperature, to a mixture of the previous pure states.

At finite temperature, the sum over the 2N configurations is

Z =
∑
C

e−βE(C), (2.8)

which can be written equivalently as

Z =
∑′

w(E)e−βE , (2.9)
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in which the sum primed runs over distinct energies; w(E) is the number of
configurations of energy E and it is more convenient to use Boltzmann’s entropy,

S(E) = k logw(E). (2.10)

Then

Z =
∑′

e−β(E−T S(E)). (2.11)

For large N the typical values of E and S(E) are extensive, i.e., proportional to
N . Therefore, the sum is peaked around the energy which minimizes F(E)= E −
T S(E), i.e., for energies such as

1 = T
∂S

∂E
.

One recovers the thermodynamic definition of temperature and the minimization
of the free energy. This minimization reflects the competition between order and
disorder.

At very low temperatures, the leading term in F(E) is the energy, and the
minimization of energy leads to an ordered state of parallel spins. At higher temper-
atures, one may get a lower free energy by allowing for higher values of the energy,
provided the entropy is large to benefit from the negative term −T S(E). The low-
energy configurations have a small entropy. For instance, the degeneracy of the
configuration obtained by turning one spin down, of energy Emin + 2d J (hyper-
cubic lattice in dimension d), is equal to N and the entropy per site (1/N )k log N
vanishes for large N . However, at higher temperatures the leading configurations
have a much higher energy (proportional to N ) but this may be compensated by an
even larger T S(E), also proportional to N , and the disorder is then favoured.

This discussion is much too qualitative to be really conclusive. First of all, we
have not yet defined the parameter that will allow us to characterize the state of
order of the system. Then one could imagine a gradual disappearance of the ordered
state when the temperature increases. Or else the zero-temperature ordered state
could disappear immediately at any non-zero temperature. Therefore, we need to
examine these questions in a more quantitative manner.

2.3 Order parameter, symmetry and broken symmetry

The energy E(C) is invariant if all the spins are flipped simultaneously. One could
then hastily conclude that the average spin at a given site i

〈σi 〉 = 1

Z

∑
C
σi e−βE(C) (2.12)
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vanishes (from the interchange σ → −σ for all sites). However, we have to
face the problem of boundary conditions that we have encountered earlier. If we
freeze the spins on the edge, as envisaged earlier, the global Z2 symmetry4 is
broken by the boundary conditions. Notice that such a boundary layer of frozen
spins interacts linearly with the neighbouring free spins. It turns out that it is more
convenient to introduce a uniform external ‘magnetic’ field h and to replace the
energy by

E(C) = −J
∑
〈i, j〉

σiσ j − h
∑

i

σi . (2.13)

(The term magnetic field comes from the interaction between a spin 	S and a field 	B
proportional to −	S. 	B.) For positive non-zero h, the ground state is indeed the pure
state σi = +1, but clearly the Z2 symmetry is broken and the expectation value
(2.12) has no reason to vanish any more. Translation invariance, which is exact if
we used a lattice with periodic boundary conditions, implies that the expectation
value of σi is the same for all sites. The magnetization per site m = 〈σi 〉 is thus
given by

m = 1

Nβ

∂ log Z

∂h
. (2.14)

Clearly, the symmetry is restored when h vanishes:

lim
h→0

m = 0. (2.15)

However, we should examine what happens for the thermodynamic limit: log Z is
extensive, i.e., proportional to N . Therefore, the limit of m when N goes to infinity
exists a priori. We have seen that, at fixed N , limh→0 m = 0, but we may ask
whether, in the opposite order of limits,

lim
h→0

lim
N→∞m = ms 
= 0. (2.16)

If the right-hand side, ms, of (2.16) does not vanish, the system has a spontaneous
magnetization and the symmetry is spontaneously broken. In that case, in spite of
the vanishing of the symmetry-breaking field h, the system develops a spontaneous
magnetization 0 ≤ ms ≤ 1. The remnant of the Z2 symmetry is, thus, simply the
relation

lim
h→+0

lim
N→∞m = − lim

h→−0
lim

N→∞m = ms (2.17)

and the curve m(h) has the characteristic shape of Figs 2.1 and 2.2.

4 The group Z2 is the group consisting of the two elements +1 and −1 with the usual multiplicative law.
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m

+ms

h

−ms

Figure 2.1 An isothermal curve in the (m, h) plane (T < Tc)

h

m

Figure 2.2 An isothermal curve for T > Tc

The spontaneous magnetization ms is the order parameter of this transition. It
vanishes in the disordered phase (the paramagnetic phase) in which the magneti-
zation vanishes when the applied field goes to zero. It is non-zero in the ordered
phase in which the symmetry is broken (ferromagnetism).

I have used the word ‘phase’ above with several inequivalent meanings that it is
important to disentangle.
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1. If lowering the temperature, in the absence of any external field, induces a non-zero
spontaneous magnetization, below some critical temperature Tc (I will demonstrate
below that this may happen) one speaks of a transition from a paramagnetic phase
(T > Tc) to a ferromagnetic phase (T < Tc) (or more generally this is a transition from
a disordered phase to an ordered phase driven by the temperature).

2. In the ferromagnetic domain one can induce a transition between the two states of
opposite magnetizations by the action of an external magnetic field which goes from
a positive to a negative value. The two pure states, ferro ↑ and ferro ↓, coexist for
h = 0, T ≤ Tc.

The phase diagram in the (T, h) plane is thus very simple (Fig. 2.3): the co-
existence curve of the two phases of opposite magnetizations is the segment of the
T -axis h = 0, 0 ≤ T ≤ Tc. Up to a distortion of coordinates, one sees the ana-
logy with a liquid–gas transition. The (m, h) curve of Fig. 2.4 is the equivalent of
an isothermal curve in the (p, V ) plane for T < Tc while Fig. 2.5 is the equiva-
lent curve for Fig. 2.2. The coexistence segment of Fig. 2.6 is the equivalent of
the coexistence curve of a liquid and its vapour in the (p, T ) plane. The field h
replaces the difference (p− pcoexistence) for a fluid: the ferromagnetic ↑ phase is the
equivalent of the liquid, the ferromagnetic ↓ phase the equivalent of the vapour.
(This analogy is further developed in Section 2.6.)

However, up to now, we have admitted without proof the possibility of a
spontaneously broken symmetry. The proof will be given in Chapter 4.

ParaFerro

Ferro Para

h

Tc T

Figure 2.3 The coexistence curve in the (h, T ) plane is the segment of the h = 0
axis, with 0 < T < Tc
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V

p

Liquid

T < Tc
Gas

Figure 2.4 The equivalent of Fig. 2.1 for a fluid (T < Tc)

V

p

T > Tc

Fluid

Figure 2.5 The equivalent of Fig. 2.2 for a fluid (Tc < T )

2.4 More general symmetries

Up to now we have considered a Hamiltonian invariant by the simplest group Z2

composed of the elements +1 and −1. Physics presents us with other situations in
which the symmetry group is either discrete or continuous.

One can have a discrete Abelian group such as Zn in which the ‘spin’ varies over
the nth roots of unity e2iπp/n , with p = 0, . . . , (n−1); the Hamiltonian is invariant
if one multiplies all the σi by the same nth root of unity. There are now n pure
phases that may coexist when the symmetry is broken.

One frequently encounters situations in which the group is the rotation group
in n dimensions O(n). The classical ‘spins’ 	σi are n-dimensional vectors and the
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Tc T

p

pc

Figure 2.6 Coexistence curve for a fluid, the equivalent of Fig. 2.3

Hamiltonian is invariant under a simultaneous rotation of all these vectors. This
number n of components must be distinguished from the dimension d of the space
in which the lattice is embedded. For instance, the lattice may be three-dimensional
and the spins restricted to vary on a circle. More generally, the spins can vary on the
sphere S(n−1). In the high-temperature disordered phase, all the points on the sphere
are equivalent and 〈	σi 〉 = 0. In the low-temperature phase, when the symmetry is
spontaneously broken, 〈	σi 〉 
= 0. It is the n-component order parameter of the
problem. In the phase with broken symmetry, the rotations that leave this vector
invariant are still a symmetry of the problem: the subgroup O(n − 1) is unbroken.
The order parameter is left invariant by a rotation of O(n − 1); the various pure
states are generated from one of them by the rotations of O(n) that do not belong
to the subgroup O(n − 1).

More generally, the symmetry group of the Hamiltonian may be a group G; the
‘spin’ belongs to a representation R of the group G. In the previous example, G was
the rotation group in n dimensions and R its vector representation of dimension n.
The symmetry may be broken spontaneously to a subgroup H of G (in the example
H is the rotation group in (n − 1) dimensions that leaves a given vector invariant).
A pure state is a vector of the space acted on by the representation R, which is
left invariant by H. The action of an element of G that does not belong to H, or
more precisely the action of an element of the quotient G/H, generates another
pure state. For a continuous group G (a Lie group) possessing p generators, and its
subgroup H having q generators, the manifold of pure states of the low-temperature
phase has dimension p − q. For instance, if G = O(n) and H = O(n − 1),
p = n(n − 1)/2, since the generators of O(n) are n × n antisymmetric matrices,
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q = (n−1)(n−2)/2. The pure states are the points on a sphere S(n−1), which indeed
depends on p − q = n − 1 parameters. The order parameter has more parameters
than (p−q). In addition there are ‘moduli’ as in this example in which, in addition
to the direction on the sphere, the length of the order parameter introduces an nth
degree of freedom. In fact, the number of components of the order parameter also
depends on the representation R of the group.

2.5 Characterization of a phase transition through correlations

If we had not broken the symmetry by a vanishingly small external field, or through
the boundary conditions, the expectation value of the spin would vanish at all tem-
peratures from the symmetry σ → −σ . The characterization of the transition by
the order parameter, as was done before, would disappear. In fact, there are sys-
tems for which the equivalent of the magnetic field, or of the symmetry-breaking
boundary conditions, are not available. For instance, the superfluid transition of
liquid helium is characterized by a broken U (1) invariance, i.e., the invariance
by a phase redefinition of the creation and annihilation operators for one atom:
ψ(r)→ eiαψ(r) and ψ�(r)→ e−iαψ�(r). This symmetry cannot be broken by an
infinitesimal source: such a source would indeed create or absorb helium atoms.
Nevertheless, there is a transition.

In such cases, one can characterize a broken symmetry by the spatial behaviour
of the correlation functions. For instance, in the previous Ising example one can
consider the correlation between the spins at spatial points 	r1 and 	r2:

• In the disordered phase (T > Tc),

lim
|	r2−	r1|→∞

〈σ(	r1)σ (	r2)〉 = 0. (2.18)

• However, in the ordered phase (T < Tc)

lim
|	r2−	r1|→∞

〈σ(	r1)σ (	r2)〉 = m2
s 
= 0, (2.19)

and indeed one can prove that the ms which appears in the r.h.s. of (2.19) is the same
as the spontaneous magnetization that was defined in (2.16) through an infinitesimal
source.5

The existence of a spontaneous magnetization in the sense of (2.19) shows that the
effects of a spin extend to large distances. This is better seen on the conditional
probability that σ(	r2) = +1 given that σ(	r1) = +1:

P{σ(	r2) = +1|σ(	r1) = +1} = 1

2
(1+ 〈σ(	r1)σ (	r2)〉). (2.20)

5 See, e.g., R. Griffiths. In Phase Transitions and Critical Phenomena, vol. 1, ed. C. Domb and M. Green.
(London: Academic Press, 1972).
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Exercise
Prove (2.20).

If ms vanishes, the spin 1 has no effect on the spin 2; but if ms is non-zero, the
influence propagates far away.

2.6 Phase coexistence, critical points, critical exponents

The discussion, up to now, has been focused on symmetries and the occurrence of
spontaneous symmetry breaking. However, if the breaking of a symmetry is well
apparent in the paramagnetic to ferromagnetic transition, in many cases there is no
a priori symmetry. For instance in the liquid–gas transition, one does not see any
symmetry that would be present in the gas and broken in the liquid. The transition
is marked by a discontinuity between the density of the liquid ρL and that of the gas
ρG, with a coexistence line in the (p, T ) plane ending at the critical point (pc, Tc)

(see Fig. 2.6). However, the solid–fluid line of coexistence, marked by a similar
discontinuity in the densities of the two phases, extends to high pressures and high
temperatures without a critical point. The liquid–gas transition for T < Tc is thus
accompanied by a jump from ρG to ρL when the pressure increases from a value
smaller than pcoexistence(T ) to an infinitesimally larger value. This is analogous to
the transition for T < Tc between the down and the up spin phase of a ferromagnet
when the applied field goes from a negative to a positive value, and the magneti-
zation from −ms(T ) to +ms(T ). At the critical point, this jump vanishes and one
defines a characteristic critical exponent β as

ρG(T )− ρL(T ) ∼ (Tc − T )β or ms(T ) ∼ (Tc − T )β. (2.21)

Above Tc there is only one phase: the fluid phase above the liquid–gas transition,
the paramagnetic phase for magnets.6

The transitions with jumps are named first-order transitions. Typically, they
occur when the free energy, as a function of an ‘order parameter’, such as the mag-
netization, or the difference of densities for fluids, jumps from one minimum to a
different minimum as some external driving parameter, such as the external field or
the pressure, is varied. In such cases, the free energy is continuous at the transition
temperature, but its first derivative, the entropy, is discontinuous: hence the name
‘first order’. A critical point requires a free energy that varies continuously without
jumping from a unique phase, such as the fluid phase or the paramagnetic phase, to
a two-phase coexistence, liquid–gas or up–down spins. Such transitions are often
called ‘second-order transitions’, since the free energy, and its first derivative, the

6 This fluid phase is often called ‘supercritical’.
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entropy, are continuous at Tc. However, in some cases more derivatives or the free
energy may be continuous at Tc, the extreme being the Kosterlitz–Thouless transi-
tion7 for two-dimensional planar ferromagnets, for which the free energy and all of
its derivatives are continuous at Tc; however, there is an essential singularity at Tc.
In usual cases, unlike the previous one, one defines a critical exponent to character-
ize the singularity of the free energy, or rather of its second derivative with respect
to T , proportional to the specific heat:

C(T ) ∼ (T − Tc)
−α for T > Tc,

C(T ) ∼ (Tc − T )−α
′
for T < Tc. (2.22)

There are other frequently used exponents; for instance, the susceptibility, the
response of the order parameter to a change of the driving field. In a magnetic
case the magnetic susceptibility

χ = ∂m

∂h

∣∣∣∣
h=0

(2.23)

diverges at Tc: a vanishingly small field is sufficient to induce a large mag-
netization in the paramagnetic phase. Its equivalent for fluids is the isothermal
compressibility. The divergence at Tc leads to more exponents:

χ(T ) ∼ (T − Tc)
−γ for T > Tc,

χ(T ) ∼ (Tc − T )−γ
′
for T < Tc. (2.24)

The critical isotherm in the (p, V ) plane, or in the (h,m) plane at T = Tc leads to
the exponent δ

h ∼ mδ or p − pc ∼ (ρL − ρG)
δ. (2.25)

The last exponents are relative to the correlation function between widely spaced
points in the sample. In the magnetic case one considers the correlation function

G(	r , T ) = 〈s(	r)s(0)〉. (2.26)

When |	r | is large, this correlation function falls off exponentially with distance

G(	r , T ) ∼ |r→∞ e−r/ξ(T ) (2.27)

up to some power of r . The correlation length ξ(T ) becomes very large as one gets
closer to the critical point8 and one defines the exponents

7 J. M. Kosterlitz and D. J. Thouless, J. Phys. C: Solid State Phys., 6 (1973) L97.
8 For fluids this is manifested by the phenomenon of critical opalescence, which shows a correlation length of

the order of the wavelength of light, three orders of magnitude above the typical intermolecular distance.
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χ(T ) ∼ (T − Tc)
−ν for T > Tc,

χ(T ) ∼ (Tc − T )−ν
′
for T < Tc. (2.28)

Last, but not least, at Tc itself the correlation function falls off as a power of
distance;

G(	r , T ) ∼ |r→∞ 1

rd−2+η , (2.29)

in which d is the space dimension; this curious definition of η comes in fact from
the Fourier transform G̃( 	p, T ), which diverges at low momentum as 1/p2−η. The
exponents η and ν will play an important rôle in later discussions.

The understanding of the nine critical exponents that I have defined up to now
has been a central problem of the theory of phase transitions. We shall see that they
are not independent (scaling laws) and that they are universal, i.e., independent of
the specific system under consideration, given the nature of the broken symmetry.

I have insisted that the liquid–gas transition has no symmetry; however, it fol-
lows from the subsequent theory that, in the vicinity of the critical point, its
singularities are identical to those of an Ising ferromagnet. Therefore, we shall
focus in the following on broken symmetries.

Nature presents us with a large number of phase coexistence lines ending at a
critical point: in addition to the liquid–gas coexistence, and to the Curie transi-
tion from paramagnets to ferromagnets, binary mixtures of liquids or solid alloys
present a critical point above which the two species are uniformly mixed. Let us
recall that 4He presents two liquid phases at low temperatures, a normal one and a
superfluid one, with a critical point at Tc � 2.17 K. 3He has two different supercon-
ducting phases (with a p-wave pairing of two atoms) in the millikelvin range. The
phase diagram of superconductors in an external magnetic field is also very rich.
If the interaction between spins tends to make neighbouring spins antiparallel, one
can have a low temperature antiferromagnetic phase in which the magnetization
alternates in sign from site to site, with a critical point at the Néel temperature.
An external uniform field is not conjugate to the order parameter, which is a stag-
gered magnetization. Its effect is to reduce the magnetization on one sublattice and
increase it on the other one. Therefore, there is a line of critical Néel points as the
applied field varies. If one keeps increasing the field, the line ends at a tricritical
point. Above the tricritical point the transition from an antiferromagnet to a para-
magnet becomes first order. The theory of tricriticality is very similar in essence to
the one that will be developed here, but I will not discuss it in this book.
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Examples of physical situations modelled
by the Ising model

The examples are numerous and we shall limit ourselves to a few classical
examples.

3.1 Heisenberg’s exchange forces

In spite of the fact that the interactions between electrons in a solid, as well as
the forces exerted by the ions on the electrons, are essentially of Coulomb origin,
the necessity of an interaction between the magnetic moments of the electrons
had been recognized long ago. First of all, a classical result obtained by Niels
Bohr and Hendrika van Leeuwen demonstrates that magnetism is a purely quantum
phenomenon: in classical statistical mechanics an applied field does not produce
any magnetization.

Exercise
Prove the Bohr–van Leeuwen theorem. (Hint: the effect of the applied field 	B is to
replace every electronic momentum 	p by 	p − e 	A in which 	B = 	∇ ∧ 	A.)

Indeed, Langevin had foreseen that there should be microscopic magnetic
moments long before the discovery of spin. In the paramagnetic phase, these
moments are randomly oriented and the average magnetization vanishes in the
absence of an external field. On the other hand, in the ferromagnetic phase these
moments act coherently. Understanding the origin of this coherent effect was a
major puzzle, solved by Heisenberg in 1932. Such magnetic moments interact
by a dipole–dipole interaction, but this interaction is much too weak to explain
the magnetization of metals, such as iron oxides, at room temperature. Heisen-
berg understood that an effective interaction between the spins of the electrons,
thousands of times larger than the dipolar interaction, was induced by the Pauli
principle, i.e., the antisymmetrization of the electronic states.

22
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Let us consider the simple problem of two electrons located at 	r1 and 	r2 in the
field of two fixed ions located at 	R1 and 	R2. The Hamiltonian has the form

H = H0 + e2

|	r1 − 	r2| , (3.1)

with

H0 = h(1)+ h(2), (3.2)

in which h(1) describes the kinetic energy and the effect of the two ions on the first
electron; and the same for h(2). Let us denote by ϕλ(	r) the eigenfunctions of h and
by ελ the corresponding eigenvalues.

The functions ϕλ(	r1)ϕμ(	r2) and ϕλ(	r2)ϕμ(	r1) are eigenfunctions of H0 for the
same eigenvalue ελ + εμ. Any linear combination of these two functions is also an
eigenfunction of H0 for that same eigenvalue, in particular

�s(	r1, 	r2) = 1√
2
(ϕλ(	r1)ϕμ(	r2)+ ϕλ(	r2)ϕμ(	r1)) (3.3)

and

�a(	r1, 	r2) = 1√
2
(ϕλ(	r1)ϕμ(	r2)− ϕλ(	r2)ϕμ(	r1)), (3.4)

which are respectively symmetric and antisymmetric under the exchange of the
positions of the two electrons. However, Pauli’s principle implies that we must
retain only states that are antisymmetric by exchange of all the quantum numbers
of the two electrons, namely their positions and their spins.

The four possible spin states of the pair of electrons |±,±〉 may be rearranged
into states of total spin equal to one or to zero:

• Spin 1 triplet states,

|S = 1, Sz = 1〉 = |+,+〉,
|S = 1, Sz = 0〉 = 1√

2
(|+,−〉 + |−,+〉),

|S = 1, Sz = −1〉= |−,−〉. (3.5)

• And one spin 0 singlet state,

|S = 0, Sz = 0〉 = 1√
2
(|+,−〉 − |−,+〉). (3.6)

The spin 1 states are symmetric under spin exchange, whereas the spin 0 state is
antisymmetric. One can thus construct four eigenstates of H0 for the energy ελ+εμ
satisfying Pauli’s principle, namely

�s(	r1, 	r2) |S = 0, Sz = 0〉,
�a(	r1, 	r2) |S = 1, Sz = +1〉 or |S = 1, Sz = 0〉 or |S = 1, Sz = −1〉. (3.7)



24 Examples of physical situations modelled by the Ising model

Up to now we have neglected the Coulomb repulsion between the two electrons.
Let us show that this repulsion has the effect of partially lifting the degeneracy
between the four eigenstates of H0. If we compute the effect of this repulsion to
first order in perturbation theory, the energy will take the values ελ + εμ + δεT

three-fold degenerate, or ελ + εμ + δεS with

δεT =
〈
�a

∣∣∣∣ e2

|	r1 − 	r2|
∣∣∣∣�a

〉
,

δεS =
〈
�s

∣∣∣∣ e2

|	r1 − 	r2|
∣∣∣∣�s

〉
(3.8)

and consequently

δεT − δεS = −2
∫

d	r1d	r2ϕ
�
λ(	r1)ϕ

�
μ(	r2)

e2

|	r1 − 	r2|ϕμ(	r1)ϕλ(	r2). (3.9)

The r.h.s. of (3.9) is called the ‘exchange integral’: it is manifestly a quantum
effect in which one cannot say which electron is in which state. This result is quite
remarkable: the interactions that enter in this calculation are purely Coulombian,
spin independent, and yet the Pauli principle yields an effective spin-dependent
interaction.

3.2 Heisenberg and Ising Hamiltonians

This difference of energy between the triplet and singlet states, in a physical situ-
ation in which one can neglect the transition to other excited states, may be
reproduced by an effective Hamiltonian that possesses the right energy splitting
and degeneracies. The Hamiltonian

Heff = − J

2
(	S1 + 	S2)

2 = −J

(
	S1 · 	S2 + 3

4

)
(3.10)

(� = 1) has indeed two energy levels: a singlet state of zero energy and a triplet
state of energy −J . If the exchange integral J is positive, the energy is lower for
two parallel spins and this interaction may potentially lead to a situation in which
the spins of a many-body system become ordered at low temperature.

In fact, the situation is more delicate and the previous discussion is quite insuffi-
cient. If one considers the two electrons of a hydrogen molecule H2, the exchange
integral is negative. One can even show that the ground state has spin zero when the
forces are spin independent. In a solid that possesses localized magnetic moments,
the mechanism of interaction between these moments is mediated through an indir-
ect exchange via the delocalized conduction electrons. A more serious discussion
would involve a real solid-state physics course.
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Returning to the exchange integral, the exponential fall-off of the wave functions
ϕλ(	r) and ϕμ(	r)with distance implies a rapid decrease of this integral when the dis-
tances between the ions | 	R1− 	R2| increases. This leads to the Heisenberg model in
which one considers localized magnetic moments, i.e., spins, located at the nodes
of a periodic crystalline lattice; the exchange integral J (	r − 	r ′) between two sites
	r and 	r ′ is rapidly decreasing with their distance and one can assume that the inter-
actions are limited to nearest neighbours. These considerations led Heisenberg to
propose the Hamiltonian

HHeis. = −J
∑
〈i, j〉

	Si · 	Sj . (3.11)

Understanding the properties of a large system of spins from this model raises
many problems. First of all, the diagonalization of this Hamiltonian is not simple:
	Si · 	Sj does not commute with 	Si · 	Sk .

Exercise
Take three sites and a spin 1

2 at each site. Find the eigenvalues of H = −J (	S1 ·
	S2 + 	S2 · 	S3) and their degeneracies. Repeat for the case where the three sites are
on a circle, i.e., H = −J (	S1 · 	S2 + 	S2 · 	S3 + 	S3 · 	S1).

For a one-dimensional chain, with nearest-neighbour interactions, H. Bethe1 has
found the eigenstates of this Hamiltonian through the celebrated ‘Bethe ansatz’,
which has been the model for finding solutions of numerous integrable models.
However, no method for diagonalizing this Hamiltonian in dimensions larger than
one has ever been found and it seems out of reach.

Furthermore, even when all the eigenvalues of the Hamiltonian are known,
computing the partition function in the thermodynamic limit is still a formidable
problem, as we shall see below with the Ising model.

To simplify the algebra, Lenz and Ising have introduced a model in which the
energy 	S1 · 	S2 of two neighbouring spins is replaced arbitrarily by Sz

1 Sz
2. One then

replaces the Heisenberg Hamiltonian (3.11) with the Ising Hamiltonian,

HIsing = −J
∑
〈i, j〉

Sz
i Sz

j . (3.12)

The simplification is considerable, since all the terms of the Hamiltonian com-
mute and the eigenvalues of HIsing are specified by assigning to each site one of the
two eigenvalues of Sz

i = 1
2σi with σi = ±1. An assignment of the N eigenvalues

σi for the whole lattice gives a configuration C with energy

1 H. Bethe, Zeitschrift für Physik A, 71 (1931) 205–26.
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E(C) = − J

4

∑
〈i, j〉

σiσ j . (3.13)

In the presence of a uniform external field h along the same z-axis the energy
of C is

E(C) = −J
∑
〈i, j〉

σiσ j − h
∑

i

σi (3.14)

(J has been changed to 4J ). Of course, it remains necessary to compute the par-
tition function by summing over the 2N configurations C, a problem that we shall
consider in the next chapter.

The simplification, which consists of neglecting the components Sx and Sy of
every spin, is not innocent: the physics is not the same in many respects for the
Heisenberg and Ising models. However, there are in nature ferromagnets in which
the crystalline anisotropies allow the spins to point in one single direction (uniaxial
ferromagnets); in such systems the Ising model is physically relevant.

3.3 Lattice gas

Consider molecules at thermal equilibrium in a box of volume V , in a range of
temperatures and densities, in which one can ignore the quantum effects. If we
treat this system in the grand canonical ensemble, the partition function is

Z =
∑

N

eαN

h3N N !
∫

d	r1d 	p1 · · · d	rN d 	pN e
−β

[∑N
1
	p2
i

2m+U (	r1···	rN )

]
, (3.15)

in which U (	r1 · · · 	rN ) is the interaction energy of N molecules and α is the
Lagrange parameter related to the chemical potential by α/β = μ. Integrating
over the momenta, one obtains

Z =
∑

N

zN

N !QN (3.16)

with

z = eα

h3
(2πmkT )3/2 (3.17)

and

QN =
∫

d	r1 · · · d	rN e−βU (	r1···	rN ). (3.18)

To compute approximately this integral QN , one discretizes the volume V with
a periodic lattice of N points. The total volume V is the product of the volume v
of the elementary cell by N (for a cubic lattice). The molecules are located at the
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sites of this lattice. The interaction energy U contains a repulsion at short distance
between the molecules, which we take into account by forbidding the occupation
of a site of the lattice by more than one molecule. The sum over N in (3.16) is thus
limited to N ≤ N .

The interaction energy also contains a short-range attraction between pairs of
molecules. This may be modelled schematically by assigning an energy −ε to a
pair of molecules that are nearest neighbours on the lattice; since the interaction is
short ranged, we assume no potential energy for molecules which are not nearest
neighbours. The total configuration energy is obtained by multiplying −ε by the
number of pairs of nearest neighbours.

A configuration is a choice of N sites among the N . Once this choice is made,
there are N ! ways of distributing the molecules over the N sites. It is convenient to
define the occupation number of a site i , i.e., a number ni which is equal to 1 if the
site i is occupied and to 0 if it is empty. These ni are not completely independent,
since

N∑
1

ni = N . (3.19)

In terms of these occupation numbers, the interaction energy of a configuration C
of the N molecules is given by

U (C) = −ε
∑
〈i, j〉

ni n j . (3.20)

Since this energy is N ! times degenerate, one has then in this discretized
formulation

QN = N !
∑
C

e−βU (C). (3.21)

The constraint (3.19) makes the computation of the canonical partition func-
tion more difficult, since the configurations cannot be described by an independent
assignment of the ni to the whole lattice. However, the grand-canonical partition
function is given simply by

Z =
∑
C

e(n1+···+nN ) log z+βε∑〈i, j〉 ni n j , (3.22)

in which C is an assignment of 0 and 1 independently for each site over the whole
lattice of N sites.

Exercise
Prove (3.22).
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To complete the identification with the Ising model one introduces a ‘spin’ for
each occupation number:

ni = 1

2
(1+ σi ) with σi = ±1. (3.23)

This leads to

Z =
∑
C

e−βE(C), (3.24)

with

E(C) = −J
∑
〈i, j〉

σiσ j − h
∑

i

σi + constant, (3.25)

in which

J = ε

4
and h = log z

2β
+ cε

4
(3.26)

(c is the number of neighbours of a given site).
If the Ising model presents a ferromagnetic order at temperatures T < Tc, it

means that a change of h from+0 to−0 implies a transition between two phases of
opposite magnetizations, which coexist along the line h = 0. How can one trans-
late this into molecular language? The magnetization 〈σ 〉 is related to the mean
occupation of the sites. A jump of the magnetization from +ms to −ms is thus a
discontinuity that is equivalent to the mean number of molecules per unit volume
from a dense liquid phase to a gaseous phase. These two phases are spatially homo-
geneous (〈ni 〉 is the same for all sites). The coexistence curve of the two phases in
the plane (chemical potential versus temperature) is given by h = 0, T ≤ Tc, i.e.,

μ+ cε

2
+ kT log

(
2πmkT

h2

)3/2

= 0. (3.27)

3.4 More examples

Numerous order–disorder transitions may be described in an analogous way. For
instance, solid binary alloys, such as copper–zinc, may be ordered at low tempera-
ture (the atoms of Cu are at the nodes of a cubic lattice and the Zn atoms are at the
centres of these cubes, making this also a cubic lattice). At higher temperatures,
substitutions of a copper atom by a zinc atom occur until the transition beyond
which the probabilities of finding a copper atom on both sublattices are equal.
Again, a ‘spin’ σi will characterize the nature of the atom located at the site i . For-
mal neural networks have been modelled in similar ways: the neuron has a ‘spin’,
which takes one value if the neuron ‘fires’, and another one if it is at rest. The
neurons are coupled by ‘synapses’ but some are excitatory, and others inhibitory.
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Therefore, one needs to introduce coupling Ji, j with different signs. One enters the
domain of ‘spin glasses’, which goes beyond the scope of this book.

3.5 A first connection with field theory

Let us consider a simple relativistic quantum field theory, for instance a neutral
self-coupled scalar field ϕ for which the action is (in units c = 1)

S =
∫

dtd	x
[

1

2

(
∂ϕ

∂t

)2

− 1

2
(∇ϕ)2 − V (ϕ)

]
, (3.28)

in which V (ϕ) contains both mass terms and interactions. In Feynman’s path inte-
gral formulation the amplitude associated to a physical process is the sum over all
‘configurations’ of the field, weighted by the complex number eiS/�.

An analytic extension to imaginary time (Wick rotation) can be performed:

t →−ix4
∂ϕ

∂t
→ i

∂ϕ

∂x4
, (3.29)

in which

eiS/� → e−A (3.30)

with the ‘Euclidean’ action,

A = 1

�

∫
d4x

[
1

2

4∑
a=1

(
∂ϕ

∂xa

)2

+ V (ϕ)

]
. (3.31)

The continuation of the Euclidean theory to real time allows one to recover the
real physics. In this Euclidean theory we have again a positive Boltzmann weight,
e−A, with A in the rôle of energy and � replacing kT : the quantum fluctuations are
replaced by thermal fluctuations. Note that at this stage the four-vector xa varies
continuously over R4.

Computing Feynman’s sum over histories of e−A is a sum over all the ‘config-
urations’ of the field ϕ(x), with prescribed boundary conditions. It is a functional
integral, an integral in which there are an infinite number of integration variables,
namely the value of ϕ(x) at every x ∈ R4. Apart from trivial cases, such as free
fields, which lead to Gaussian integrals, one does not know how to compute such
sums. Perturbation theory, in which one expands the terms of degree higher than
two in the action, generates ultraviolet divergences, i.e., short distance singulari-
ties. I shall discuss later these points in detail, but at this stage we simply note that
the theory is ill-defined until it is regularized by some cut-off� on large momenta,
a scale much larger than the physical masses and momenta. If, instead, one works
in position space, a momentum cut-off has the effect of killing the spatial varia-
tions of the field with wavelength smaller than �−1. One can thus regularize the
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theory by the introduction of an elementary length a � �−1. One then replaces the
space–time continuum by a four-dimensional periodic lattice with lattice spacing
a. This regularization is of constant use in Monte-Carlo numerical simulations of
quantum field theories. We shall meet later other regularizations, which are more
convenient for analytic calculations, but let us examine further the effect of this
lattice regularization.

The four-dimensional space–time is thus replaced by a hypercubic lattice, with
lattice spacing a. The following replacements follow this discretization of space–
time:

ϕ(x)→ ϕi = ϕ(xi ), (3.32)

in which the xi are the nodes of the lattice,∫
d4xV (ϕ(x))→ a4

∑
i

V (ϕi ), (3.33)

the field derivative by

∂ϕ

∂xμ
→ a−1[ϕ(x+ aeμ)− ϕ(x)], (3.34)

in which eμ is the unit vector in the direction μ; the kinetic energy is thus
replaced by ∫

d4x
4∑

a=1

(
∂ϕ

∂xa

)2

→ a2
∑

i

4∑
μ=1

[ϕ(xi + aeμ)− ϕ(xi )]2

= 8a2
∑

i

ϕ2
i − 2a2

∑
〈i, j〉

ϕiϕ j , (3.35)

in which, as usual, the bracket 〈i, j〉 restricts the sum to nearest neighbours. The
functional integral

Z =
∫

Dϕe−A (3.36)

is replaced by

Z =
∫ ∏

dτi e
a2
�

∑
〈i, j〉 ϕiϕ j (3.37)

with a measure

dτi = e−
1
�
[4a2ϕ2

i +a4V (ϕi )]dϕi . (3.38)

The problem looks like an Ising model, except that the measure dτ is not a delta
function centred at ±1, but some other probability distribution.
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Note that it is only the coupling between neighbours (3.37) that introduces corre-
lations between distinct lattice sites; without it the random variables ϕi would be all
independent. Therefore, the propagation is induced by the (3.37) coupling between
neighbours. In general the correlations between distinct points of the lattice fall
off exponentially with the distance, with a characteristic length that is comparable
to the lattice spacing a. This is a problem: remember that the spatial exponential
decrease of the correlations in quantum field theory is characterized by a length
scale proportional to the inverse of the masses of the particles. For instance, in a
scalar free field theory

〈ϕ(x)ϕ(y)〉 =
∫

d4 p
eip·(x−y)

p2 + m2

�|x−y|→∞ |x− y|−3/2e−m|x−y| (3.39)

falls off with a characteristic length ξ = 1/m.

Exercise
Verify (3.39); it is convenient to use the identity 1/A = ∫∞0 dte−At .

Therefore, a fall-off on the lattice with length scale of order a would correspond
to masses of order � = a−1, whereas the cut-off � only makes sense if it is
much larger than the masses. Consequently, a sensible ‘renormalized’ theory, with
��m, exists only in a situation in which the correlation length is much larger than
a. With such short-range interactions this occurs only in the vicinity of a critical
point at which the correlation length goes to infinity. We shall see that such critical
points occur only when a symmetry is spontaneously broken.

The renormalized theory, which is the limit when the cut-off� goes to infinity, or
the lattice spacing a to zero, exists only in the vicinity of a point where a symmetry,
such as ϕ → −ϕ, is spontaneously broken. Note again that this regularized field
theory differs only from the Ising model in the measure

dτIsing = δ(ϕ2 − 1)dϕ, (3.40)

whereas

dτfield theory = e−
1
�
[4a2ϕ2+a4V (ϕ)]dϕ. (3.41)

If V (ϕ) contains a negative ‘bare mass’, as in

V (ϕ) = −1

2
m2

0ϕ
2 + g

4
ϕ4, (3.42)

the field measure is a peak around the two values ϕ = ±
√

a2

g (m
2
0a2 − 8) and it

is not so different from the Ising measure. A much more elaborate connection
between the two models will be the object of the last chapters.
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A few results for the Ising model

If we were dealing with a quantum model, such as the Heisenberg model, the cal-
culation of the partition function would first require us to find all the eigenvalues
of the Hamiltonian. In the case of the Ising model, the eigenvalues are given; they
are simply the energies

E(C) = −J
∑
〈i, j〉

σiσ j − h
∑

i

σi (4.1)

with σi = ±1. In spite of this simplicity one must realize that
∑

C e−βE(C) is a
sum over 2N terms. To describe a collective phenomenon, such as a phase transi-
tion, in which the correlations extend to large distances, one needs to deal with a
lattice containing a sizeable number of points in each spatial direction. A three-
dimensional lattice of, say, 203 points requires a sum over 28000 configurations,
which is, of course, out of reach; the largest lattice for which a complete sum over
all configurations has been performed consists of 43 points, i.e., about 1019 config-
urations. An appropriate use of symmetries may help to reduce this number slightly
but this is clearly the limit, and yet such a small lattice cannot really be a guide to
understanding long-range correlations. The only numerical methods that have been
used with success are stochastic samplings of configurations, such as Monte-Carlo
algorithms, or diagonalization of transfer matrices, which I shall define in the next
section.

4.1 One-dimensional Ising model: transfer matrix

The N sites are regularly spaced along a chain, with spacing a. The model, as
defined, is easy to solve for all kinds of boundary conditions, but the calculations
are even simpler if the chain is closed as if the sites were on a circle, i.e., if we use
periodic boundary conditions (p.b.c.):

32
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• Open chain:

E(C) = −J
N−1∑

1

σiσi+1 − h
N∑
1

σi , (4.2)

• Periodic boundary conditions:

E(C) = −J
N∑
1

σiσi+1 − h
N∑
1

σi , (4.3)

with the identification σN+1 = σ1.

Clearly, the addition of one extra term in the energy has no effect on the ther-
modynamic limit (it is easy here to calculate the free energy for open or periodic
boundary conditions and verify this statement).

Let us define

T (σ, σ ′) = eβ[Jσσ
′+ 1

2 h(σ+σ ′)]. (4.4)

Then for p.b.c. one verifies immediately that

e−βE(C) = T (σ1, σ2)T (σ2, σ3) . . . T (σN−1, σN )T (σN , σ1). (4.5)

If one displays the four possible values of T (σ, σ ′) when σ, σ ′ = ±1, one reads:

T =
(

eβ(J+h) e−β J

e−β J eβ(J−h)

)
, (4.6)

in which the rows are labelled by the successive values +1 and −1 of σ , and the
columns by the values of σ ′.

Summing over all configurations means summing over σ1 = ±1, σ2 = ±1, . . . ,
σN = ±1. Let us take the Boltzmann factor as written in (4.5) and sum over σ2: it
occurs only in the product of the first two factors T (σ1, σ2)T (σ2, σ3). If we return
to the matrix expression (4.6), the first σ2 is an index of a column, the second of a
row: therefore, the sum over σ2 gives simply a product of the two matrices:∑

σ2

T (σ1, σ2)T (σ2, σ3) = T 2(σ1, σ3), (4.7)

in which T 2 is the square of the matrix (4.6).
Repeating this argument for the summation over σ3, . . . , σN one arrives at∑

σ2,...,σN

e−βE(C) = T N (σ1, σ1). (4.8)

One last sum remains:

Z =
∑
σ1

T N (σ1, σ1), (4.9)
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the sum over the diagonal elements of the matrix T N . Therefore, we end up with

Z = Tr T N. (4.10)

The trace of a matrix is the sum of its diagonal elements, it is also the sum of its
eigenvalues. We have thus to find the two eigenvalues of the matrix T N but these
eigenvalues are simply the N th powers of the eigenvalues of T . Therefore, we end
up with

Z = λN
1 + λN

2 , (4.11)

in which λ1 and λ2 are the two roots of the quadratic equation

λ2 − λ(eβ(J+h) + eβ(J−h))+ e2β J − e−2β J = 0, (4.12)

namely

λ1, λ2 = eβ J coshβh ±
√

e2β J sinh2 βh + e−2β J . (4.13)

By convention, we will denote by λ1 the larger of the two eigenvalues (plus sign
before the square root).

Then the free energy is given by

F = −kT log Z = −kT log (λN
1 + λN

2 ),

= −NkT log λ1 − kT log

(
1+

(
λ2

λ1

)N
)
. (4.14)

In the thermodynamic limit in which N goes to infinity, the last term is exponen-
tially small as long as λ2/λ1 < 1, which is always true (except at h = 0, T = 0).
Therefore we find, as expected, an extensive free energy, i.e., a free energy per site

f = lim
N→∞

F

N
= −kT log λ1. (4.15)

Exercise
Compute the partition function for the open chain, and verify that it leads to the
same free energy per site f .

Now that we have computed exactly the free energy in the presence of an external
field, we can easily obtain the magnetization

m = 〈σi 〉 = 1

N

〈
N∑
1

σi

〉
= − 1

N

∂F

∂h
(4.16)

and let N go to infinity

m = −∂ f

∂h
= kT

∂ log λ1

∂h
. (4.17)
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We can now let h go to zero and determine whether a spontaneous magnetization
may exist for this one-dimensional model; expanding λ1 for h small,

λ1 = 2 coshβ J

(
1+ β2h2

2
e2β J + O(h4)

)
, (4.18)

one concludes immediately that, for any temperature,

lim
h→0

m = 0. (4.19)

The one-dimensional Ising model can be solved exactly, but it does not exhibit
any broken symmetry. The system is paramagnetic at all temperatures, i.e., the
magnetization vanishes with the applied field.

Exercises
1. Find the transfer matrix for a one-dimensional Ising model, in which the spins may take

the three values (+1, 0,−1).
2. Find the transfer matrix for a one-dimensional Ising model with first and second

neighbour interactions:

E(C) = −J
∑

σiσi+1 − K
∑

σiσi+2 − h
∑

σi

(σ = ±1).
Hint: consider the transfer of a pair to the neighbouring pair.

3. Find the transfer matrix for a ‘ladder’ consisting of two parallel chains, i.e., call σi =
±1 the spins of the first chain, τi = ±1 the spins on the second chain:

E(C) = −J
∑

σiσi+1 − J
∑

τiτi+1 − K
∑

σiτi .

4.2 One-dimensional Ising model: correlation functions

To understand better the absence of broken symmetry in this one-dimensional
model, it is instructive to analyze the correlations between two spins located at sites
i and i + n. Indeed, remember that the existence of a spontaneous magnetization
could also manifest itself if, in zero field, one had

lim
n→∞〈σiσi+n〉 
= 0. (4.20)

Let us compute

〈σiσi+n〉 = 1

Z

∑
C
σiσi+ne−βE(C). (4.21)

The same identity (4.5) and the same transfer matrix technique leads to

〈σiσi+n〉 = 1

Z

∑
σ,σ ′

σT n(σ, σ ′)σ ′T N−n. (4.22)
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Introducing the third Pauli matrix, the diagonal matrix

τ =
(

1 0
0 −1

)
, (4.23)

which is such that

[τ · A](σ, σ ′) = σ A(σ, σ ′), (4.24)

one finds

〈σiσi+n〉 = 1

Z
Tr[τT nτT N−n]. (4.25)

Let us introduce the eigenvectors of T

T |a〉 = λa|a〉 with a = 1, 2 (4.26)

then

T n = λn
1|1〉〈1| + λn

2|2〉〈2|. (4.27)

Taking the limit of large N , fixed n, one obtains

〈σiσi+n〉 = 1

λn
1

〈1|τT nτ |1〉

= |〈1|τ |1〉|2 +
(
λ2

λ1

)n

|〈1|τ |2〉|2. (4.28)

For h = 0, the vector |1〉 is simply 1√
2
(1, 1) and 〈1|τ |1〉 = 0, whereas 〈1|τ |2〉 =

1. Therefore, the correlation function decreases exponentially with the distance
r = na between the two sites

〈σiσi+n〉 = e−r/ξ (4.29)

with a characteristic correlation length

ξ = a

[
log

λ1

λ2

]−1

. (4.30)

Therefore, there is a possibility of having a spontaneous magnetization, i.e., a non-
vanishing limit of the correlation function when the two sites are far apart, only
if the correlation length diverges, i.e., only if the two eigenvalues are degenerate.
We have seen that this does not occur in this model, since λ1 is strictly superior
to λ2 at any temperature. We shall see that this is a general characteristic of one-
dimensional models with short-range interactions.
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Exercise
For this one-dimensional chain with h 
= 0, show that

lim
N→∞〈σi 〉 = 〈1|τ |1〉

and that the result coincides with the magnetization given by m = − ∂ f
∂h .

4.3 Absence of phase transition in one dimension

Our conclusion of the previous section relied on an explicit exact solution. Is it con-
ceivable that, within the same class of one-dimensional Z2-invariant Hamiltonians,
there might be other cases in which the symmetry could be spontaneously broken?
Do we have to repeat the calculation for a system in which the spin takes three
values (+1, 0,−1) instead of two? Or if the first and second neighbours interact?
Or if we have a ladder of two chains of spins? In all these cases one can define a
transfer matrix (3 × 3 or 4 × 4 in the above examples) with real positive entries.
(The matrix is not always real symmetric, and it may have complex eigenvalues.)
Repeating the above analysis for a k × k transfer matrix (with k finite, indepen-
dent of N ), one finds again an exponential fall-off of the correlation function with

distance with a correlation length given by (4.30), or rather ξ = a
[
log |λ1|

|λ2|
]−1

, in

which |λ1| ≥ |λ2| are the two largest eigenvalue. Is it possible that a degeneracy of
the largest eigenvalue could lead to a long-range order?

This possibility is ruled out by the Perron–Frobenius theorem, which states
that, ‘A matrix with real positive entries posseses one real, non-degenerate, eigen-
value, which exceeds the modulus of all the other eigenvalues. The corresponding
eigenvector has real components, all of the same sign.’

(In fact, it is a version of this theorem for operators rather than matrices that one
uses when one asserts that the spatial ground-state wave function of a Hamiltonian
is non-degenerate and that the corresponding wave function is nodeless.)

Note that it is essential to assume that the rank of this transfer matrix is fixed,
independent of the number of sites N . If we took a two-dimensional lattice N =
M2 and started to rank the sites as a chain going through the lattice, in which the
lattice point (i, j) would be followed by (i+1, j), but (M , j) by (1, j+1), then the
nearest-neighbour interactions on the two-dimensional lattice would couple sites at
distance M = √N and the transfer matrix would have a rank that goes to infinity
with N . The Perron–Frobenius theorem still applies but nothing prevents the ratio
λ2
λ1

, which is now size dependent, to approach one in the large N limit.
Therefore, we can only state that for one-dimensional systems with short-

range interactions there is no possibility of spontaneously broken symmetries. The
argument would be parallel for a discrete symmetry group larger than Z2.
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4.4 A glance at the two-dimensional Ising model

Consider a portion of a square lattice of N = L × M sites. We can consider two
adjacent rows of this lattice, each with M sites, and label the spins at the nodes of
these rows (σ1, σ2, . . . , σM) for the first row and (σ ′1, σ

′
2, . . . , σ

′
M) for the next one.

We define the matrix

T ({σ }, {σ ′}) = eβ J (σ1σ
′
1+σ2σ

′
2+···+σMσ

′
M )

× e
β J
2 (σ1σ2+σ2σ

′
3+···+σMσM+1)

× e
β J
2 (σ

′
1σ
′
2+σ ′2σ ′3+···+σ ′Mσ ′M+1)

× e
βh
2 (σ1+σ ′1+···+σMσ

′
M ), (4.31)

in which we have assumed periodic boundary conditions σM+1 = σ1. It is straight-
forward to verify that the total Boltzmann weight of the lattice is

e−βE(C) = T ({σ1}, {σ2})T ({σ2}, {σ3}) . . . T ({σL}, {σL+1}), (4.32)

assuming again p.b.c. in the vertical direction.
The partition function is then ‘simply’

Z = TrT L (4.33)

but note that the matrix T is 2M × 2M , and that M and L go to infinity as
√

N .
Finding the largest eigenvalue of T is thus a formidable problem and in fact it has
never been done for the matrix (4.31), i.e., for a non-zero external field h. The
solution of the problem by Onsager (1944), in the case of a zero field is a landmark
in the history of physics. Indeed, Onsager’s exact zero-field solution for the free
energy exhibits a phase transition from a paramagnetic to a ferromagnetic phase.
A spontaneous magnetization appears below some temperature Tc; the free energy
is continuous but singular at Tc. We shall review below some of the results that
came out of this solution. The original derivation of Onsager is not the easiest to
read; the mapping to a problem of free fermions1 gave rise later to much sim-
pler solutions, and in modern days the two-dimensional Ising model is one of the
simplest examples of conformal field theory.

4.5 Proof of broken symmetry in two dimensions (and more)

Before giving Peierls’ proof,2 one should start with an intuitive understanding of
what is going on. Instead of starting with a vanishingly small external field, one
can equivalently assume that the spins on the edge of the system are frozen, for

1 D. Schultz, D. C. Mattis and E. H. Lieb, Rev. Mod. Phys., 36 (1964) 856.
2 R. Peierls, Proc. Cambridge Phil. Soc., 32 (1936) 477.
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instance, we assume that they are all pointing up (this is equivalent to a magnetic
energy of order

√
N , i.e., to an external field of order 1/

√
N ). At zero temperature,

the only contribution to the partition function comes from a configuration in which
all spins point up. At higher temperatures, some bubbles of down spins will appear.
A bubble of linear dimension L has a frontier with about Ld−1 spins on its edge,
in a lattice of dimension d. The interaction energy between two up spins being the
same as for two down spins, the energy ‘cost’ of making such a bubble is of order
2J Ld−1. The entropy for a bubble of this size is the logarithm of the number of
ways of creating it, i.e., the number of closed paths of length L, whose logarithm
grows as a constant times L. In one dimension, the entropy wins compared with
the energy at any non-zero temperature. Therefore, bubbles are favoured and the
ordered zero-temperature state is destroyed for any positive temperature. In dimen-
sions greater than one, the energy cost wins compared to the entropy and the system
will remain ordered up to some finite temperature.

I shall now give a real proof of the existence of a spontaneous magnetization in
the two-dimensional case below some finite temperature (following Ginibre’s pre-
sentation of Peierls’ proof). Again, we consider configurations in which the spins
are frozen and ↑ on the boundary. A configuration C is made of islands of ↓ spins
immersed in a sea of ↑ spins. These islands may be defined by closed polygons
(Fig. 4.1) that enclose the ↓ spins. In fact, there is a one-to-one correspondence
between a configuration C and a set of polygons: indeed, starting from the bound-
ary with ↑ spins, one returns to them each time one crosses the border of a polygon.
Thus, C is characterized by a set of disjunct connected polygons characterized by
their location and their shape.

We can classify the polygons as follows: a polygon of perimeter b may be drawn
at many different locations on the lattice, and may present different shapes.

We order using an index j , 1 ≤ j ≤ ν(b), the various polygons P ( j)
b of perime-

ter b that one can draw on the lattice; ν(b) is the number of distinct polygons of

Figure 4.1 The polygons around the down spins
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perimeter b that one can draw on the lattice. A polygon P ( j)
b encloses N ( j)

b sites.
A configuration C is thus a set of polygons

C =
(
P ( j1)

b1
,P ( j2)

b2
, . . .

)
. (4.34)

Let N−(C) and N+(C) be the number of down spins and up spins of C. The problem
consists of computing the average of N(C) with the Boltzmann weight 1

Z exp −
βE(C). Indeed, the magnetization per site m is nothing but

m = 1

N
(〈N+(C)− N−(C)〉) = 1− 2

〈N−(C)〉
N

. (4.35)

The proof of spontaneous symmetry breaking (s.s.b.) consists in showing that, at
sufficiently low temperatures, 〈N−(C)〉N < 1

2 .
It is convenient to introduce the characteristic function

χ
( j)
b (C) =

{
1 if P ( j)

b ∈ C
0 if P ( j)

b /∈ C.
(4.36)

For a given configuration C one has

N−(C) ≤
∑

b

∑
1≤ j≤ν(b)

χ
( j)
b (C)N ( j)

b (4.37)

(the inequality corresponds to the cases in which one polygon encloses other poly-
gons in its interior; in such cases, on the r.h.s. we are counting some up spins as
down: hence the inequality rather than equality).

A simple bound on N ( j)
b follows trivially from ‘erasing’ the angles, changing the

polygon into a rectangle of the same perimeter but larger area (Fig. 4.2).
Since the rectangle of perimeter b with the largest area is a square, one obtains

the simple bound

N ( j)
b ≤

(
b

4

)2

. (4.38)

Furthermore one can bound ν(b) as follows: starting at one of the N points of the
lattice, one performs a random walk. At each step, three possibilities are allowed
since backtracking is forbidden. The last step is fixed by closing the polygon. One
then obtains the upper bound

ν(b) ≤ N3b−1. (4.39)

Figure 4.2 Replacement by a rectangle of equal perimeter and larger area
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Finally one can bound 〈χ( j)
b (C)〉 as follows: by definition

〈χ( j)
b (C)〉 =

∑
C⊃P( j)

b
e−βE(C)∑

C e−βE(C) . (4.40)

Let us consider one of the configurations C present in the numerator of (4.40),
i.e., containing among its polygons P ( j)

b . To this configuration one may associate
the configuration Ĉ, in which one has changed into their opposites all the spins
which are inside P ( j)

b . In Ĉ, the spins interact in the same way as they do in C,
except that in Ĉ the polygon P ( j)

b has been erased. Therefore, we end up with the
main relation

E(Ĉ) = E(C)− 2bJ. (4.41)

Note that the correspondence between C and Ĉ is one-to-one for a given P ( j)
b .

One obtains an upper bound to the r.h.s. of (4.40) by limiting the configurations
in the denominator to the Ĉ configurations deduced from the C that intervene in
the numerator. Thus, using (4.41)

〈χ( j)
b (C)〉 ≤

∑
C⊃P( j)

b
e−βE(C)∑

Ĉ e−βE(Ĉ) = e−β2bJ . (4.42)

We now put together all the inequalities:

〈N−(C)〉 ≤
∑

b

∑
1≤ j≤ν(b)

χ
( j)
b (C)N ( j)

b

≤
∑

b

e−β2bJ
∑

1≤ j≤ν(b)
N ( j)

b

≤
∑

b

e−β2bJ

(
b

4

)2 ∑
1≤ j≤ν(b)

1

≤
∑

b

e−β2bJ

(
b

4

)2

N3b−1. (4.43)

The sum over b runs from b = 4, 6, . . . up to the largest polygon, for which b
is about 4N . Since we are looking for an upper bound, we can sum over b up to
infinity, provided that the series converges. It does converge when

3e−2β J < 1 (4.44)

and we assume that the temperature is such that this is true. The last sum of (4.43)
is a monotonically decreasing function of β, which vanishes when β →∞. If we
define a temperature T0 = 1

kβ0
, such that
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∑
b=4,6,...

e−2β0bJ

(
b

4

)2

3b−1 = 1

2
, (4.45)

we have shown that for T < T0

〈N−(C)〉
N

<
1

2
, (4.46)

i.e., there is a spontaneous symmetry breaking leading to a positive magnetiza-
tion m.

To generate a pure state, and not a mixture, we have broken infinitesimally the
symmetry by freezing positively the spins on the boundary. One can prove that the
spontaneous magnetization is the same if we had chosen to break the symmetry by
a vanishingly small external field.

4.6 Correlation inequalities

Peierls’ proof was relative to a specific two-dimensional lattice, nearest-neighbour
interactions and spins equal to ±1. It would be tedious to extend the proof to other
Z2-invariant Hamiltonians, such as interactions between first and second neigh-
bours, three-dimensional lattices, etc. Fortunately some simple and general GKS
inequalities (obtained by Kelly and Sherman, and extended by Griffiths) enable us
to extend Peierls’ result to other situations. Given a set of lattices

A = {a1, a2, . . . , an},
one denotes

σA = σa1 · σa2 · · · σan (4.47)

and we take for the energy of a configuration the very general function

E(C) = −
∑

A

JAσA, (4.48)

in which we assume that all JA are positive or zero. This is a compact way of
writing this energy: it may contain a magnetic field for A reduced to a single site,
first and second neighbour interactions, multispin interactions, etc. The dimension
of the lattice is arbitrary.

We now state the following inequalities, whose derivation is left for an appendix:

• Inequality on expectation values

〈σA〉 ≥ 0, (4.49)

• Correlation inequality

〈σAσB〉 − 〈σA〉〈σB〉 ≥ 0, (4.50)
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• Equivalent form of the correlation inequality (4.50): a simple differentiation of 〈σA〉 =
1/Z

∑
σA exp−βE(C) with respect to JB gives

∂〈σA〉
∂ JB

= β(〈σAσB〉 − 〈σA〉〈σB〉) ≥ 0. (4.51)

Let us look at a few consequences. If a Hamiltonian H2 results from H1 by
the addition of terms of the form

∑
δJAσA, in which the δJA are positive, the

magnetizations satisfy m2 ≥ m1. From this, it follows that

1. The magnetization increases with the applied magnetic field.
2. The magnetization increases with the temperature decreases (an infinitesimal decrease

of temperature −δT is the addition to the Hamiltonian of kβ2δT
∑

JAσA).
3. The addition of attractive interactions between second neighbours implies that there is

certainly a spontaneous magnetization at all temperatures at which there was one with
only nearest-neighbour interactions.

4. At any temperature T ≤ Tc (d = 2) at which the two-dimensional Ising model possesses
a spontaneous magnetization, the three-dimensional model with the same interactions
also has a spontaneous magnetization, i.e.,

Tc(d = 3) ≥ Tc(d = 2), (4.52)

since one can consider the three-dimensional model as a stack of two-dimensional
planes coupled by positive links that increase the magnetization.

In conclusion, we have seen that the ordinary principles of statistical mechan-
ics do contain the possibility of spontaneous symmetry breaking, phase transitions,
and their associated singularities without the need of any new assumption. The
thermodynamic limit is responsible for the occurrence of such singular behaviour.
This was a historical landmark, since it established that the usual Boltzmann–Gibbs
principles of statistical mechanics allowed for phase transitions in the thermo-
dynamic limit. We have seen that, at temperatures low enough, a spontaneous
magnetization occurs; this spontaneous magnetization decreases with temperature.
At high temperature, one can prove that this spontaneous magnetization vanishes
identically. However, we are still left with two possibilities.

• The magnetization jumps from a finite value to zero at some temperature: a first-order
transition (Fig. 4.3),

• The magnetization vanishes without discontinuity at the critical temperature Tc, a
second-order transition (Fig. 4.3), which would be better named a continuous transition.

In two dimensions, the exact solution of Onsager, demonstrates a critical point.
In three dimensions, numerous indications, experimental, numerical and theoretical
(examined later) point to a continuous transition beyond any doubt, but there is no
rigorous proof. In two dimensions, the exact solution allows one to determine the
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M M

T T

Figure 4.3 First-order and second-order transitions

exact critical behaviour. For instance, the spontaneous magnetization vanishes near
Tc as (Tc − T )1/8. The equivalent in three dimensions is close to a power of 1

3 . The
main problem with exact solutions is that they are specific to models and they do
not give any clue to the universality of the critical behaviour, i.e., the fact that
this behaviour is the same for a whole class of Hamiltonians, a problem to which
we shall address ourselves later in detail. It will then be necessary to leave these
rigorous mathematics and use a different strategy.

4.7 Lower critical dimension: heuristic approach

I have given rigorous proof that for a discrete symmetry group, such as Z2 of the
Ising model, there was a spontaneous symmetry breaking in two dimensions but
not in one. The lower critical dimension is thus equal to one. It has been known
for several decades that the spontaneous breaking of a symmetry does not occur in
low dimensions. Landau and Lifshitz3 proved that it does not occur in one dimen-
sion (with short-range forces). Mermin and Wagner,4 for statistical physics, and
S. Coleman5 for quantum field theory, showed that a continuous symmetry can-
not be broken in two dimensions. Therefore, there is a lower critical dimension dl ,
defined by the fact that above dl , spontaneous symmetry breaking may take place
for some non-vanishing range of temperature 0 < T < Tc, i.e.,

Tc > 0 for d > dl . (4.53)

Let us compare the breaking of discrete versus continuous symmetries in deter-
mining dl . In both cases, we begin at zero temperature with boundary conditions,
such as the ‘order parameter’, fixed to a given value all over the boundary. Then we
go to a slightly positive temperature, producing some excitations. The estimation

3 L. D. Landau and E. M. Lifshitz, Course of Theoretical Physics: Volume 5, Statistical Physics, (Oxford:
Pergamon Press, 1980).

4 N. Mermin and H. Wagner, Phys. Rev. Lett., 17 (1966) 1133.
5 S. Coleman, Comm. Math. Phys., 31 (1973) 25.
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of the energy and the entropy of those excitations will provide a simple criterion
for symmetry breaking:

• If the cost in energy is lower than the entropy of those excitations multiplied by the
temperature, then even for very low T , the system will lower its free energy (�E − T S)
by destroying the zero-temperature ordered state. In such cases, Tc vanishes.

• If, however, the cost in energy is higher, at low enough temperatures, than the ‘benefit’
drawn from T S, the system will ‘resist’ the formation of disordering configurations and
Tc will be finite: the dimension is then greater than dl .

Let us apply this criterion successively to discrete and continuum symmetries.

Discrete symmetries

Let us consider the Ising model:

H = −J
∑
〈i, j〉
(σiσ j − 1) σi = ±1, (4.54)

in which the symbol 〈i, j〉 restricts the sum to nearest neighbours on a
d-dimensional regular lattice.

Assume that the spins are frozen on the boundary, for instance to σi = +1 if i ∈
boundary. Thus at T = 0 all the spins are up in the ground state. Let us estimate
the cost in free energy to create a bubble of down spins (Fig. 4.4).

• If d = 1
Consider a bubble of negative spins of size l, l/L = O(1), so that the mean spin per site
is now smaller than one. The energy and entropy associated with this bubble are:

�E = 4J,

S ∼ log L ,

d = 1

d > 1

Figure 4.4 Bubbles of down spins
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since there are O(L) ways of choosing the location of this bubble. Therefore, the cost in
free energy is:

�F ∼ 4J − T log L . (4.55)

For all non-zero temperatures, �F < 0: the system lowers its free energy by making
bubbles of opposite spins, and thus does not remain ordered.

• If d = 2
We want to estimate the energy and entropy associated with a bubble of linear size l. The
excitation energy is simply equal to 2J multiplied by the perimeter of the bubble (which
is of order l):

�E � 2Jl. (4.56)

The entropy is estimated as follows: we fix an origin at one point of the perimeter of
the bubble. There are about L2 locations for that point. Then we perform a random
walk, which starts and ends at this origin; the number of steps of this walk is simply
the perimeter of the bubble. The number of such walks is about cl if each point has c
neighbours on this lattice. (This factor is much greater than the previous L2.) The entropy
is then proportional to l log c. Therefore, the free energy estimate for these excitations is:

�F ∼ Jl − AT l (4.57)

with some constant. At low enough temperature, �F > 0, i.e., the entropy is not suffi-
cient to overcome the excitation energy, and the system remains ordered. However, the
entropy wins at higher temperatures.

Continuous symmetries

Let us consider, for definiteness, the Hamiltonian for n components with ‘classical’
spins,

H = −J
∑
〈i, j〉
( 	σi 	σ j − 1) 	σ 2 =

n∑
i=1

σ 2
i = 1; (4.58)

H is invariant under O(n), i.e., under rotation in n dimensions.
Assume that the spins are frozen on the boundary of the sample, for instance,

they all point to the north pole (1,0, . . . ,0) of the sphere Sn−1. At zero temperature
H is minimum when all the spins point in that same direction. Again, we want to
estimate the cost in free energy to create a bubble in which the spins correspond
to a different ground state; let us consider a bubble in which the spins point in
a direction that makes an angle θ with respect to the previous ground state, for
instance 	σ = (cos θ, sin θ, 0, . . . , 0) inside the bubble.

The entropy estimate is unchanged. However, the minimum cost in energy for
creating this bubble is quite different.
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(i) For the Ising model, it relies on the interfacial energy between the two ground states.
The minimum energy between the ↑ and ↓ ground states is realized by a single plane
of interface; the interfacial energy is thus proportional to Ld−1.

(ii) For the vector model, a hard wall between the two pure states, at which full rotation
of θ would occur, would cost an energy J (1 − cos θ) multiplied by Ld−1 the number
of spins in this wall. However, we can reach a much lower energy if, instead of a wall,
one rotates progressively of θ/L in L successive steps. Indeed, for two nearby spins,
this rotation costs an energy J (1− cos θ/L); in a ‘plane’ there are Ld−1 sites. This is
repeated L times to obtain the final rotation of θ . Therefore,

�E = J (1− cos(θ/L)) Ld−1 L ∼ Jθ2Ld−2 (4.59)

is proportional to Ld−2 instead of Ld−1. The entropy estimate for this bubble is the
same as for the Ising spins. Hence, for d = 2 �F < 0 for any positive T : the system
is disordered at any T . For d > 2, �E > T�S for T small enough, i.e., there is an
ordered state.

Again, this hand-waving argument is not a proof but the absence of long-
range order follows rigorously from an inequality derived by Mermin and Wagner.
In field theory, the impossibility of handling two-dimensional massless bosons,
which would accompany continuous broken symmetries (see Chapter 13), has been
demonstrated by Coleman.

The configurations that destroy the order (here the spin waves) are indeed
massless Goldstone boson modes, and will be discussed in Chapter 13.

A word of warning: the absence of long-range order in two dimensions for a
continuum symmetry does not imply that the free energy is analytic for all temper-
atures. For the two-dimensional XY model, in which each spin is confined to the
circle S2

x + S2
y = 1, Kosterlitz and Thouless6 proved that there is still a change of

behaviour at a temperature Tc: for T > Tc the spin–spin correlation function falls
off exponentially with the distance; below Tc the correlation falls off as a power of
the distance; it has to vanish at long distance, since there is no long-range order,
but it vanishes slowly. Remarkably enough, the free energy is given by two func-
tions, one above Tc, another one below. These functions, and all their derivatives,
are equal at Tc.

4.8 Digression: Feynman path integrals, the transfer
matrix and the Schrödinger equation

R. Feynman has introduced a revolutionary formulation of quantum mechanics
based on path integrals. It turned out to be an invaluable tool for quantum field

6 J. M. Kosterlitz and D. J. Thouless, Two-dimensional physics, J. Phys. C: Solid State Phys., 6 (1973) L97.
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theory, but let us take a brief look at the simple case of a particle in a potential, in
dimension d . Then the probability amplitude for a particle located at point qin at
time 0 to be found at qf at time τ is given by

A(qin, qf, τ ) =
∑
paths

eiS[path]/�. (4.60)

A path is a trajectory q(t), i.e., any function that satisfies the boundary conditions
q(0) = qin and q(τ ) = qf; the action for this trajectory is

S[path] =
∫ τ

0

[
1

2
mq̇2 − V (q)

]
dt. (4.61)

Clearly, the difficulty is to define properly the sum over all paths, an integral over all
possible functions of t . The simplest way consists of discretizing the time interval τ
into N steps,

τ = Nε, (4.62)

and take as variable the positions

qn = q(t = nε). (4.63)

Then ∑
paths

→
∫

dq1 · · · dqN−1, (4.64)

∫
V (q)dt → ε

∑
n

V (qn) (4.65)

and ∫
q̇2dt → ε

∑(
qn+1 − qn

ε

)2

. (4.66)

Let us introduce the operator T defined by

〈q ′|T |q〉 = e−
iε
�

V (q ′)e
im

2ε� (q−q ′)2 . (4.67)

The discretized path integral involves a product of such T and the integrals over
the intermediate qn build up the N th power of the operator:

A(qin, qf, τ ) = lim
ε→0
〈qf|T τ/ε|qi〉. (4.68)

Therefore, like in the spin models, we have to find the eigenvalues of the transfer
matrix T . Let us note that, for a motion in dimension d,

e
im

2ε� (q−q ′)2 = 〈q ′|e−iε p2

2m� |q〉, (4.69)
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in which p is the usual momentum operator, up to a multiplicative constant((
m

2π�ε

)d/2
e−iπd/4

)
which has to be included in a definition of the measure for

the integral over the intermediate qn . Dropping this constant, we end up with the
operator equation

T = e−iεV (q)/�e−iε p2

2m� (4.70)

and, neglecting terms of order ε2, we end up with

T = e−iεH/�, (4.71)

with the Hamiltonian H = p2

2m + V (q). The Schrödinger equation, which gives the
eigenvalues of the Hamiltonian, is thus a means to diagonalize the transfer matrix
for this path integral. This shows the usefulness of transfer matrices: here it allows
one to connect the two formulations of quantum mechanics.

Appendix Derivation of the GKS inequalities

We follow here again the elegant derivation of Ginibre.7

Notation If A and B are two subsets of lattice points we denote as A � B the
symmetric difference of the two sets consisting of the points in A not in B, and of
the points of B not in A:

A � B = (A ∩ B̄) ∪ (B ∩ Ā), (4.72)

in which Ā is the complementary set of A. The number of sites in A is denoted
|A|. The product of the spins for all the sites belonging to A is σA. The value of
σA for a configuration C is σA(C). It is convenient, if A is the empty set to define
σ∅(C) = 1. The configuration C may be identified with the set C at which the spins
point down.

Then one verifies easily that

σA(C) = (−1)|A∩C| (4.73)

and thus

σA(C) = σC(A); (4.74)

then

σA(C)σB(C) = σA�B(C)
σC(A)σC(B) = σC(A� B) (4.75)

7 J. Ginibre, Phys. Rev. Lett., 23 (1969) 828.
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and ∑
C
σA(C) =

{
2N if A = ∅
0 if A 
= ∅. (4.76)

Exercise
Verify this last result.

1. Let us come now to the first inequality:

〈σB〉 = 1

Z

∑
C
σB(C)eβ

∑
A JAσA(C). (4.77)

Expanding the exponential, we obtain a sum of terms for which one needs to compute∑
C
σB(C)σA1(C) . . . σAn (C).

Applying, successively, (4.75) and (4.76) we see that this term is positive or zero.
2. The derivation of the second inequality is more subtle. We start with the definition

〈σAσB〉 − 〈σA〉 〈σB〉 = 1

Z

∑
C
σA(C)σB(C)eβ

∑
D JDσD(C)

− 1

Z2

∑
C,C′

σA(C)σB(C′)eβ
∑

D JD(σD(C)+σD(C′)). (4.78)

We replace 1/Z in the first term with 1/Z2∑C′ exp(β
∑

D JDσD(C′)) and obtain

〈σAσB〉 − 〈σA〉 〈σB〉 = 1

Z2

∑
C,C′
[σA�B(C)− σA(C)σB(C′)]

× eβ
∑

D JD(σD(C)+σD(C′)). (4.79)

Define the set C ′′

C ′′ = C � C ′, (4.80)

which implies that

C ′ = C � C ′′. (4.81)

Then

σA�B(C)− σA(C)σB(C′) = σA�B(C)− σA(C)σB(C � C′′)
= σA�B(C)− σA(C)σB(C)σB(C′′)
= σA�B(C)(1− σB(C′′)). (4.82)

Furthermore,

σD(C)+ σD(C′) = σD(C)+ σD(C � C′′), (4.83)
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leading, finally, to

〈σAσB〉 − 〈σA〉 〈σB〉 = 1

Z2

∑
C′′
(1− σB(C′′))

×
∑
C
σA�B(C)eβ

∑
D JD(1+σD(C′′))σD(C). (4.84)

The last expression may be read as follows: we are computing the expectation
value of σA�B with a Hamiltonian in which the interactions JD have been replaced
by J̃D = JD(1 + σD(C ′′)), which are still non-negative. Therefore, from the first
inequality, we learn that the sum over C produces a non-negative number. The final
sum over C′′ with the positive weight (1− σB(C ′′)) gives a non-negative result.
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High-temperature and low-temperature
expansions

These expansions have been used a great deal for getting numerical estimates of the
critical indices. They also allow us to connect critical phenomena to other domains
of science, such as the geometry of polymers or percolation problems: it is thus
useful to study them in some detail.

5.1 High-temperature expansion for the Ising model

When a variable, such as σ , takes only two values, any function of σ is linear.
Indeed

f (σ ) = 1

2

[
f (1)+ f (−1)

]+ 1

2

[
f (1)− f (−1)

]
σ (5.1)

(if σ took n distinct values, any function of σ would be a polynomial of order
(n − 1)). In particular,

eβhσ = cosh (βh)+ sinh (βh)σ = cosh (βh)(1+ τσ )
eβ Jσσ ′ = cosh (β J )+ sinh (β J )σσ ′ = cosh (β J )(1+ wσσ ′), (5.2)

with

τ = tanh(βh) w = tanh(β J ). (5.3)

At high temperature τ and w are small and it is much easier to expand in powers
of these variables rather than in powers of β.

If we apply the identities (5.2) to the Boltzmann weight,

eβ J
∑
〈i, j〉 σiσ j+βh

∑
i σi ,

we obtain the partition function:

Z = [cosh(β J )]L[cosh(βh)]N
∑
C

∏
〈i, j〉
(1+ wσiσ j )

∏
i

(1+ τσi ), (5.4)
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in which L is the number of links between nearest neighbours. Let us note the
following simple identity:∑

C
σaσb . . . σn =

{
2N if each index appears an even number of times
0 otherwise.

(5.5)

An arbitrary term τ lwn of the expansion of (5.4) in powers of w and τ will thus
give a non-zero contribution if and only if every site that it generates appears an
even number of times. One can represent a non-zero term by putting a cross on the
sites that gave a factor τ and a bar for the links that gave a w (Fig. 5.1). Note that
a given site has at most one cross, and a given link at most one bar.

To make the discussion simpler, let us limit ourselves to h = 0, i.e., τ = 0, and
to two dimensions. Then the expansion is simply represented by a set of closed
polygons on the lattice. The power of w, related to a set of polygons, is simply
their total perimeter. Therefore, one finds

Z = [cosh(β J )]L2N
∑

p

w pgN (p), (5.6)

in which gN (p) is the number of closed polygons, connected or disconnected, that
may be drawn on the lattice. By convention, we define gN (0) = 1 and, obviously
gN (2) = 0, gN (2k + 1) = 0. For a square lattice one verifies immediately that
gN (4) = N , gN (6) = 2N , since there are two types of polygon of perimeter equal
to 6, the horizontal one and the vertical one. (I am here giving the leading term for
N large; the subleading terms are of order

√
N .)

One has to go to order w8 to discover the delicate nature of the problem.
Indeed, there are both connected polygons of perimeter 8, and a set of two dis-
connected squares, which both contribute to gN (8). The number of pairs of squares
is proportional to N 2, so gN (8) has the form

(1, 4)

(1, 3)

(1, 2)

(2, 1)(1, 1) (3, 1) (4, 1)

Figure 5.1 One term in the high-T expansion
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gN (8) = aN 2 + bN . (5.7)

Now, we should remember that log Z is extensive and

log Z = 2N log coshβ J + N log 2+ log

⎛⎝1+
∑
p≥4

gN (p)w
p

⎞⎠ (5.8)

(for a square lattice L = 2N ) and, expanding up to order 8,

log Z = 2N log coshβ J

+ N log 2+ gN (4)w
4 + gN (6)w

6+
[

gN (8)− 1

2
gN (4)

2

]
w8+ 0(w10). (5.9)

There, one sees that up to order 6 the extensivity of log Z is manifest, but at order
8 the coefficient is the difference of two terms of order N 2, and this N 2 part should
cancel (which means that a = 1/2 in the above expression for gN (8), as expected,
since there are about N 2 pairs of squares but each pair is computed twice), but the
remaining term of order N is then quite difficult to compute. (A word of warning:
log Z is extensive but, unfortunately, it is not true that its expansion is given simply
in terms of connected polygons of perimeter p. This comes from the fact that in
the expansion (5.8) a link cannot be occupied more than once.)

We shall not enter into the technical delicacies of these calculations. We simply
note that one can obtain by a similar method the magnetization m = 1

βN
∂ log Z
∂h ,

which vanishes with h as long as the series in w converges, i.e., T ≥ Tc. Similarly,
one can obtain the magnetic susceptibility in zero field

χ = ∂m

∂h

∣∣∣∣
h=0

= β
(

1+
∑
n≥1

anw
n

)
. (5.10)

Elaborate work has resulted in the computation of about 20 coefficients an for
the three-dimensional cubic lattice: a1 = 6, a2 = 30, a3 = 150, . . . , a17 =
401 225 391 222, . . ..

Exercise
Show that a1 = 6.

If one assumes that there is a critical point at which the magnetic susceptibility
diverges, since an infinitesimal field generates a spontaneous magnetization, the
series (5.10) must diverge at wc = tanh J/kTc. If we assume a critical behaviour
in the vicinity of Tc of the form

χ = χ0

(T − Tc)γ
= χ1

(wc − w)γ , (5.11)

the series for
d logχ

dw
=
∑

bnw
n (5.12)
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will present a pole at wc with residue γ . There are standard numerical methods
for extracting the singularity from an expansion. The knowledge of M coefficients
an for (4.40), determines also M coefficients for (5.12) and one can replace the
series by a ratio of two polynomials P(w)/Q(w) of respective degrees m1 and
m2, with m1 + m2 = M (Padé approximant). The closest zero of Q will give an
approximation of wc and the residue at this zero an estimate of γ . This method
has been used abundantly and has provided accurate estimates of exponents, such
as γ ; however, it does not produce any clue to the universality of the exponents, a
fascinating fact of nature that we shall examine in detail later.

5.1.1 Continuous symmetry

A simple generalization of the model, of important physical relevance, consists of
introducing at each lattice site i an n-component vector 	Si of fixed length. For later
convenience, we choose the normalization

(	Si )
2 = n. (5.13)

A configuration C now consists of N vectors of this Sn−1 sphere. Again, we assume
nearest-neighbour interactions and the energy of a configuration is

E(C) = −J
∑
〈i, j〉

	Si · 	Sj . (5.14)

This interaction is invariant under the O(n) group, which rotates the N ‘classical
spins’ simultaneously. Note that the n = 1 model reduces to the Ising model. The
partition function is obtained through an integration in the phase space of the N
vectors (	S1, . . . , 	SN ) in which each vector varies with a uniform measure on the
Sn−1 sphere. This measure, dμ(	S), is normalized to one,∫

dμ(	S) = 1, (5.15)

and one verifies easily that∫
dμ(	S) SαSβ = δαβ∫

dμ(	S) SαSβSγ Sδ = n

n + 2
(δαβδγ δ + δαγ δβδ + δαδδβγ ). (5.16)

These identities rely on rotational invariance, and the normalizations are easy to
find (for instance, set α = β and sum over α from 1 to n). The high-temperature
expansion involves now products of links Sαi Sαj and since, for each site, each Sα

must appear an even number of times, one again generates closed polygons with
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an internal index conserved all along the polygon: Sαi Sαj Sαj Sαk . . . Sαl Sαi ; however, a
link may now be chosen several times.

Exercise
Compute the leading term of the correlation function 〈	S(0)	S(	r)〉 for large T .

We shall not go further in this direction, but in the next chapter we shall study
an important, special case of this problem.

5.2 Low-temperature expansion

We now start in the low-temperature phase of an Ising model. We assume that
the boundary conditions have selected a pure state of positive magnetization. Let
E0 = −J L be the lowest energy state in which all the spins are up (L is the number
of links). When T → 0, i.e., β →∞, the contribution in which all the spins point
up is dominant, Z � e−βE0 . The configurations of increasing energy correspond to
one spin turned down, energy E0+8J in a two-dimensional square lattice, the two
spins down, etc.

For an arbitrary configuration C one can separate the spins ↓ from the ↑ by a
surface in three dimensions, a set of polygons in two dimensions that separates
them from each other. In two dimensions, these polygons are drawn on the ‘dual’
lattice, i.e., the lattice made of the centres of the squares (Fig. 5.2).

If the set of polygons (we now stay in two dimensions) that separate the two
species has a perimeter b, the configuration has an energy

E(C) = E0 + 2bJ. (5.17)

Therefore, we end up with the large β expansion

Z = eβL J
∑

b

γN (b)e
−2βbJ , (5.18)

in which γN (b) is the number of sets of polygons with total perimeter b.

Figure 5.2 One term of the low-T expansion
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5.2.1 Kramers–Wannier duality

The two-dimensional square lattice is identical to its dual, the lattice of the centres.
If we put together the high-T expansion (5.6) and the low-T expansion (5.25), we
see two expansions, one in terms of w = tanh (β J ) and one in terms of e−2β J with
the same coefficients gN (b). Therefore, if we associate to an inverse temperature β
its ‘dual’ β� defined as

tanhβ J = e−2β� J (5.19)

we find

Z(β)[coshβ J ]−2N 2−N =
∑

(tanhβ J )pgN (p)

=
∑

e−2pβ� J gN (p)

= Z(β�)e−2β�N J . (5.20)

Note that the relation (5.19) is symmetric in the two variables, as becomes obvious
when it is cast into the equivalent form

sinh(2β J ) sinh(2β� J ) = 1, (5.21)

and thus (β�)� = β. From (5.20) we obtain for the free energy per site
f = 1/N log Z

f (β)− log [2 cosh2 β J ] = f (β�)− 2β� J. (5.22)

Exercise
Check that repeating the application of the duality relation (5.19) is consistent and
useless.

If one assumes that the free energy is singular at the critical (inverse) temperature
βc, and that this singularity is unique, then one must have β�c = βc, which leads
readily to the value

2βc J = log (1+√2). (5.23)

This duality, obtained by Kramers and Wannier, preceded by four years Onsager’s
exact and complete solution for the free energy, which confirmed the above value
for the critical temperature.

Exercise
Start with an Ising model on a triangular planar lattice.

• Show that the low-T expansion involves polygons on a hexagonal lattice.
• Show the identity

eJ (σ1+σ2+σ3) + e−J (σ1+σ2+σ3) = AeJ ′(σ1σ2+σ2σ3)+σ3σ1

and determine A and J ′.
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• Show that the previous identity allows one to sum over half the spins of the hexagonal
lattice and return to a triangular lattice.

• Show that, after the previous summation, there is also a Kramers–Wannier duality for
this triangular lattice and determine its critical temperature.

5.3 Low-temperature expansion for a continuous symmetry group

Again, one can envisage all kinds of continuous symmetries, but we shall limit
the discussion to the rotation group On in n dimensions. As seen in Section 4.7,
symmetry breaking occurs only if the dimension of the lattice is greater than
two. For definiteness we take again an n-component order parameter 	S of unit
length:

	S2 = 1. (5.24)

A configuration C consists of a collection of N vectors 	Si (N is the number of
lattice sites) with an energy

E(C) = −
∑
i, j

J (|	i − 	j |)	Si · Sj

= 1

2

∑
i, j

J (|	i − 	j |)(	Si − 	Sj )
2 + constant, (5.25)

in which the interaction is attractive, short ranged and invariant by translation.
Assume that the boundary conditions select, at zero temperature, the pure state

in which all the spins point along the first axis; namely they are all along the vector
(1, 0, . . . , 0). At small non-zero temperature we parametrize each spin as

	S = (σ,√Tπ). (5.26)

The constraint (5.24) allows us to eliminate σ :

σ = (1− Tπ2)1/2 = 1− 1

2
Tπ2 + O(T 2) (5.27)

(we have neglected the ‘large’ fluctuations in which σ would become negative).
One then finds

(	Si − 	Sj )
2 = (σi − σ j )

2 + T (πi − π j )
2

= T (πi − π j )
2 + 1

4
T 2(π2

i − π2
j )

2 + O(T 3). (5.28)

One obtains thereby a systematic expansion of E(C)/kT in powers of T , in which
appear only the (n−1) components of π . A priori, the components of these vectors
vary in a bounded domain (π2 < 1/T ), but the error resulting from ignoring this
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constraint and integrating the components of π from −∞ to +∞ is of order e−1/T

and it has no effect on the asymptotic expansion in powers of T . At lowest order(
E(C)

T

)(0)
= 1

2

∑
i, j

J (|	i − 	j |)(πi − π j )
2. (5.29)

The measure of integration over the (n − 1) components of π is deduced from the
uniform measure on the original sphere, namely δ(σ 2 + Tπ2 − 1) which, after
integration over σ yields the measure dπ(1− Tπ2)−1/2.

Exercise
Compute, up to first order in T, the correlation function 〈	S(	r)	S(0)〉.

The formulation of the spin model (5.25), for a ‘spin’ confined to a given mani-
fold, here the Sn−1 sphere defined by the constraint 	S2 = 1, is named the non-linear
sigma model. We shall return to it in Chapter 13.
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Some geometric problems related to
phase transitions

Some unexpected relationships between problems of completely different nature a
priori follow from the models that we have considered in the previous chapters. We
shall examine here two of geometric nature: self-avoiding walks and percolation.
Again, the technique of high-temperature expansions introduced in the previous
chapter will be a guide to establish these surprising connections.

6.1 Polymers and self-avoiding walks

Polymers are long molecules composed of N monomers, and N is here a large
number. When the interaction between the monomers is completely negligible, the
geometric configuration is similar to a Brownian chain, i.e., a simple chain of N
successive independent steps, made at random. This is analogous to a random walk
on a lattice. It is elementary to verify that the typical end-to-end distance between
the endpoints of this chain is of order N 1/2.

Exercise
Prove the N 1/2 law for a Brownian chain. (Hint: write 	R = 	x1+ 	x2+ · · · + 	xN , in
which the 	xi are independent random unit vectors joining two successive points of
the chain and compute 〈 	R2〉1/2.)

Another way of expressing this
√

N law is through the notion of fractal
dimension of the chain.1 This notion may be simply related to a mass to length
relationship: an object with uniform density of mass and typical diameter L has a
fractal dimension df if the total mass M scales with L as

M ∼ Ldf . (6.1)

1 A concept introduced by the mathematician Haussdorf and whose ubiquity in the physical world was underlined
by B. Mandelbrot.
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This definition coincides with the usual notion of dimension for a line, area or
volume, but it may be used in more complex geometric situations. For the Brownian
chain, if each monomer has a unit mass, M is proportional to N , and the typical
length scale L is of order of the end-to-end distance, which scales like

√
N , or

gyration ratio R, if in polymer language. Therefore, this Brownian chain has a
mass proportional to L2, i.e., a fractal dimension equal to two: it is more like an
area than a line.

When the monomers are interacting with each other, the problem is much more
difficult. If the interaction is attractive, the chain collapses to a dense blob. If the
interaction is repulsive, often a simple ‘excluded volume’ effect, the chain is more
extended than the previous Brownian chain. The simplest model for this repulsion
is to imagine a random walk on a lattice, in which it is forbidden to visit again a
previously visited site: this is called a self-avoiding walk. It is a difficult problem
because it is ‘non-Markovian’, i.e., the nth step depends on the whole past of the
chain, and not simply of the last (or the last few) steps, as for the Brownian chain.
It is expected that the gyration ratio R will be larger, as a function of N , because of
this geometric repulsion. If one defines here too a critical exponent ν through the
relation

R ∼ N ν, (6.2)

one expects a value of ν greater than 1/2, and such a chain has a fractal dimension
df = 1/ν < 2.

It has been shown by P. G. de Gennes2 that this problem of the self-avoiding walk
may be mapped onto a singular n = 0 limit of the n-vector model considered in
the previous chapter. Let us return to Section 5.1.1 for n-vector models. It consists
of ‘spin’ vectors of fixed length and random orientation on a lattice of N sites: we
choose again the normalization

(	Si )
2 = n. (6.3)

A configuration C consists of a random vector at each lattice site and, assuming
nearest-neighbour interactions, the energy of a configuration is

βE(C) = −J
∑
〈i, j〉

	Si · 	Sj . (6.4)

We want to perform a high-temperature expansion for this model:

Z =
∫

dμ(	S1) · · · dμ(	SN )

∞∑
0

J k

k!

⎛⎝∑
〈i, j〉

	Si · 	Sj

⎞⎠k

, (6.5)

2 P. G. de Gennes, Phys. Lett. A, 38 (1972) 339.
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in which dμ(	S) is the uniform measure on the sphere (6.3), normalized to∫
dμ(	S)= 1. Again, each term of the above expansion may be represented by a

‘graph’ on the lattice, which indicates how many times a given link has been cho-
sen in the expansion, weighted by the expectation values over the spheres for the
attached spins.

The integrals over the sphere for one single spin have a generating function

fn(	x) =
∫

dμ(	S) e	x · 	S. (6.6)

The successive derivatives of fn(	x) with respect to the components xα at 	x =
0 provide the expectation values for one spin. Rotational invariance implies that
fn(	x) is a function of the length x of the vector 	x . Taking the vector 	x along one
axis, the standard integration measure on the sphere provides the result

fn(x) =
∫ π

0 dθ sinn−2 θ ex cos θ∫ π
0 dθ sinn−2 θ

, (6.7)

from which standard beta-function integrals yield the expansion

fn(x) = 1+
∞∑
1

n p

2p p!n(n + 2) . . . (n + 2p − 2)
x2p. (6.8)

We are going to specialize this result to an a priori meaningless limit: the n = 0
limit. If we take this limit on the result (6.8), we find

f0(x) = 1+ 1

2
x2. (6.9)

Exercise
Derive this result directly. Hint: relate the Laplacian of fn to fn for integer dimen-
sion n. Transform the relation to a differential equation and use the boundary
conditions fn(0) = 1, f ′′n (0) = 1, in view of the first identity (5.16); take the
n = 0 limit.

The result (6.9) implies that, since the degree of f0(x) is 2, the n = 0 limit
of the above graph, in the high-temperature expansion, consists of connected or
disconnected polygons, which do not pass more than twice through a given site.
Consequently, the polygons generated by the high-T expansion of the partition
function are non-intersecting. In addition, for any non-intersecting closed polygon
the internal index of the spin is conserved around the polygon, since 〈SαSβ〉 van-
ishes for α 
= β: therefore, the summation over a given internal index of the spin
gives a factor n. This gives the trivial result

lim
n→0

Z(J ) = 1. (6.10)
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However, let us go a bit further and compute the spin–spin correlation function
for a given spin index:

G1,1(r; J ) = 〈S1
0 S1

r 〉 = Z−1
∫ ∏

i

dμ(	Si )S
1
0 S1

r eJ
∑
〈i, j〉 	Si · 	S j (6.11)

in the high-temperature expansion. The same analysis of the expansion and of the
n = 0 limit leads to

lim
n→0

G1,1(r; J ) =
∑

p

J pcp(r), (6.12)

in which cp(r) is the number of paths joining the points 0 and r in p steps without
self-intersection.

The relation (6.12) allows one to recover information on the asymptotics of self-
avoiding walks. For instance, we can sum over 	r :

cp =
∑
	r

cp(	r) (6.13)

is the total number of random walks of length p. If we sum the l.h.s. of (6.12)
over 	r we obtain the response at site 0 of an applied uniform magnetic field, i.e.,
the magnetic susceptibility, which, for a magnet, diverges when J approaches the
critical inverse temperature Jc, as

χ ∼ (Jc − J )−γ . (6.14)

This singularity is related to the behaviour of cp for large p, since the previous
singularity implies that:

cp ∼ pγ−1a p, (6.15)

in which a = 1/Jc. Similarly, the average size of a self-avoiding walk consisting
of p steps is given by

Rp =
[

1

cp

∑
	r

r2cp(	r)
]1/2

. (6.16)

If the magnetic correlation falls off exponentially with a correlation length ξ , which
diverges near Jc as (Jc − J )−ν , this is compatible with the above if, for large
p, Rp ∼ pν . Thus, if we could compute ν(n), the correlation length exponent
for n-vector models, we would obtain the fractal dimension of the self-avoiding
walk as

df = lim
n→0

1

ν(n)
. (6.17)

.
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This provides an a priori surprising connection between the non-Markovian
problem of self-avoiding walks and the magnetic properties of n-vector models.
The renormalization group approach used for n-vector models has provided thus,
through the simple continuation to n = 0, the geometric indices for a self-avoiding
walk, and thus the gyration ratio of polymers.3

6.2 Potts model and percolation

Another generalization of the Ising model consists of introducing at each site a
‘spin’ taking q distinct values, a q-valued ‘colour’ index. The model is of interest
for a number of reasons but, as for the previous example, in the singular limit in
which q tends to one, it maps onto the geometric problem of percolation on a
lattice.4 We shall restrict ourselves in the following to a two-dimensional lattice.
Exact results5 have shown that there is a critical point for q ≤ 4 and a first-order
transition for q > 4. Percolation on a lattice is a random geometric process; one
can deal with site percolation or link percolation. Each site or link is occupied with
probability p or vacant with probability (1 − p), independently for each site or
link. A cluster consists of occupied sites or links, all connected along the lattice
links. For small p, there are many small clusters of a few sites or links, but when
p increases the size of the clusters increases, and above some threshold pc there
is an infinite cluster with probability one. The divergence of the diameter of the
largest cluster when p becomes close to pc is again a geometric critical point with a
characteristic exponent ν. The relationship of this geometric problem to a magnetic
phase transition, such as the Potts model, has also been an efficient way of dealing
with the problem.

Let us look, for instance, at the link percolation problem. After drawing a con-
figuration, with the given probability law, one obtains a graph G with a probability
P(G). Let us define N (G, s, l) the number of clusters of G consisting of s sites
and l links. The sum

∑
s N (G, s, l) is the number of clusters of G made of l links.

Consequently, the number N (G) of links of G is

N (G) =
∑

l

l
∑

s

N (G, s, l). (6.18)

3 For a comparison with experiment see, for instance, M. Daoud, P. G. de Gennes, G. Sarma et al., Macro-
molecules, 8 (1975) 804.

4 P. W. Kasteleyn and C. M. Fortuin, J. Phys. Soc. Jpn. Suppl., 26 (1969) 11; C. M. Fortuin and P. W. Kasteleyn,
Physica (Utrecht), 57 (1972) 536.

5 R. J. Baxter, J. Stat. Phys., 57 (1989) 1.
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The average number per site of clusters with s sites is a number

ns(p) = 1

N

∑
G

P(G)
∑

l

N (G, s, l), (6.19)

in which the probability of the graph G for a link percolation problem on a lattice
with a total number of L links is

P(G) = pN (G)(1− p)L−N (G). (6.20)

The generating function

f (p, h) =
∑

s

ns(p) e−hs (6.21)

allows one to characterize, through derivatives with respect to h at h = 0 all the
moments of ns(p).

Let us now return to the q-states Potts model; again we assume that only nearest
neighbours interact. It is convenient to normalize the interaction so that the inter-
action energy of two neighbouring spins σ and σ ′ takes the value −J (q − 1) if the
two spins are equal, and +J if they are not equal. The energy of a configuration
is thus

βE = −J
∑
〈i, j〉
(qδσiσ j − 1). (6.22)

The Ising model is nothing but the q = 2 model. Exact results by Baxter show that
in two dimensions there is a critical point for q ≤ 4 (and a first-order transition for
q > 4). In the low-T phase, one may have q distinct pure phases.

In the presence of an external ‘field’ coupled to one of the colours, for instance
the first one, the energy reads

βE = −J
∑
〈i, j〉
(qδσiσ j − 1)− h

∑
i

(qδσ i ,1 − 1). (6.23)

We now perform a high-temperature expansion of the partition function. Since
the interaction includes a factor β, it is an expansion for small J and small h. The
calculation is easier if we note the identities

eJ (qδσ,σ ′−1) = eJ (q−1)[e−q J + (1− e−q J )δσ,σ ′ ],
eh(qδσ,1−1) = eh(q−1) ehq(δσ,1−1). (6.24)

Defining

p = 1− e−q J , (6.25)
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which vanishes with J , one finds

Z = eJ (q−1)L eh(q−1)N (1− p)L
∑
C

∏
〈i, j〉

(
1+ p

1− p
δσi ,σ j

)
ehq

∑
i (δσi ,1−1), (6.26)

in which L is the total number of links of the lattice. Expanding the product, we
have the choice, for any link of the lattice, of a factor equal to 1 or to p/(1 − p).
To represent one term of the expansion of

Z ′ = Z e−J (q−1)L e−h(q−1)N , (6.27)

one represents by a bar on the lattice the links for which one has chosen a factor
p/(1− p), hence a graph G. One obtains thereby the expression

Z ′ = (1− p)L
∑
C

∑
G

(
p

1− p

)N (G) ∏
links of G

δσ,σ ′ ehq
∑

r (δσr ,1−1). (6.28)

Let us now perform the summation over all the configurations of the spins for a
given graph G. For a given cluster contained in G all the sites must be of the same
‘colour’ (i.e., Potts index). If this is colour number one, the h-dependent factor is
simply equal to one; for the (q − 1) other colours, a factor e−hq occurs for each
spin. The sum over the colours of this cluster with s sites thus yields the factor
[1+ (q − 1) e−hqs]. There are

∑
l N (G, s, l) clusters of s sites in the graph, hence

a contribution [1 + (q − 1) e−hqs]∑l N (G,s,l) from the clusters of s sites in G. We
now collect the contributions of all the clusters with 1, 2, . . . , s, . . . sites of a given
graph and obtain

Z ′ =
∑
G
(1− p)L−N (G) pN (G)∏

s,l

[1+ (q − 1) e−hqs]
∑

l N (G,s,l). (6.29)

This expression has been established for integer q, but it may be continued to a
continuously varying parameter. In particular, the limit when q tends to one is
trivial since

lim
q→1

Z ′ =
∑
G
(1− p)L−N (G) pN (G) =

∑
G

P(G) = 1. (6.30)

Expanding now near q = 1∏
s,l

[1+ (q − 1) e−hqs]
∑

l N (G,s,l) = 1+ (q − 1)
∑
s,l

e−hs N (G, s, l)+ O((q − 1)2),

one obtains
1

N
log Z ′ = (q − 1) f (p, h)+ O((q − 1)2), (6.31)



6.2 Potts model and percolation 67

in which f (p, h) is the generating function of the percolation clusters defined in
(6.21). Finally, if one introduces the connectivity of the lattice

c = 2L

N
(6.32)

in the thermodynamic limit, in which N tends to infinity with fixed c, one obtains

limN→∞ limq→1
log Z

N (q − 1)
= 1

2
cJ + h + f (p, h), (6.33)

which shows how to obtain results on the percolation problem by studying the
transition of the Potts model for arbitrary q and then taking the singular limit q →
1. For a detailed exposition of the percolation problem see, e.g., D. Stauffer.6

6 D. Stauffer, Introduction to Percolation Theory, (London: Taylor and Francis, 1985).
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Phenomenological description of critical
behaviour

Numerous phenomenological descriptions of broken symmetries near the critical
point at which they appear have been used in the past. In particular, Landau theory
provides a simple and general picture, and in many cases it is the starting point for
a more microscopic approach. After describing Landau theory I shall compare its
results with some exact answers and with experiment. The chapter will end with
the notions of scaling laws and universality.

7.1 Landau theory

In fact, this is not part of statistical mechanics, which aims to deduce the collective
thermodynamic properties from the microscopic laws of interaction. Landau theory
is a thermodynamic approach, which starts directly from a construction of the free
energy expressed in terms of an order parameter. This construction is based on
symmetry considerations and assumptions of analyticity.

We begin with a local order parameter m(	r), which will allow us to discriminate
between a phase of spontaneously broken symmetry, in which the order parameter
will be non-vanishing, and a symmetric phase, in which it vanishes in the absence
of an external source. One can think of m(	r) as the local magnetization of a spin
system. It may be a simple scalar, or an n-component vector. Indeed the crystalline
anisotropies may impose one privileged direction for the magnetization: then one
has a uniaxial ferromagnet, i.e., n = 1; if there is an ‘easy’ plane of magnetization
one has a planar ferromagnet n = 2.

However, the situation can be more complex; for instance in the superconducting
transition of liquid 3He, the pairing of two atoms takes place in a relative p-wave
(l = 1, lz = 1, 0,−1); the antisymmetry of the wave function (remember that 3He
atoms are fermions) imposes a symmetric spin state, i.e., a triplet state S = 1, Sz =
1, 0,−1. The order parameter carries two indices a and b, one for lz , the other one
for Sz and the order parameter is a 3× 3 matrix ma,b.

68
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The discussion will be restricted here for simplicity to the n-component vector
model, but it should be kept in mind that this is far from exhausting the cases that
one finds in nature. The system is supposed to be invariant under a symmetry group
G and m transforms according to a given representation of the group. To make the
discussion simpler and more concrete, we shall take the example of G = O(n), the
rotation group in n dimensions, where m is an n-dimensional vector (fundamental
representation). (However, in the example of 3He, in which the order parameter is
a complex 3×3 matrix, the free energy is invariant under m → U1mU †

2 ; this group
is called U3 ×U3, i.e., a pair of 3× 3 unitary matrices.) Again, we limit ourselves
from now on to the group O(n).

The free energy is a functional of this order parameter, called �{m}. It is
assumed to be invariant under G, i.e., if R is an element of the group, a rotation
here, under

m(	r)→ m ′
a(Ê	r) =

n∑
b=1

Rabmb(	r) (7.1)

�{m ′} = �{m}. (7.2)

Note that this is a global symmetry, not a local one: we perform here the same
operation R at every point of space. The conjugate variable to m is defined as the
functional derivative

ha(	r) = δ�

δma(	r) . (7.3)

In the magnetic example it would be the applied external magnetic field.
Whenever the external applied field h is uniform, i.e., 	r -independent, the trans-

lational invariance implies that the order parameter is also uniform, m(	r) = m,
and

�{m} = V γ (m), (7.4)

in which V is the volume of the sample. In such a case, one verifies that (7.3)
reduces to the ordinary derivative

ha = ∂γ

∂ma
. (7.5)

In the absence of an external source, i.e., if h = 0, the order parameter is an
extremum of γ ; thermodynamic stability implies that it is a minimum. The assumed
rotational invariance implies that γ (ma) is a function of the norm m of the vector
ma . Let us assume that the minimum of γ is located at m = 0 for temperatures T
greater than some threshold Tc, and that the minimum is no longer at m = 0 for
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T > Tc

T < Tc

M

Γ

T = Tc

Figure 7.1 First-order transition

T > Tc

T < Tc

M

Γ

T = Tc

Figure 7.2 Second-order transition

M

T

M

T

Figure 7.3 The spontaneous magnetization in the two cases

T < Tc. Two possibilities are still compatible with these assumptions as one can
see in Figs. 7.1 to 7.3.

In the first case, the spontaneous value of the order parameter, i.e., its value for
h = 0, ‘jumps’ from zero above Tc to a finite non-vanishing value below Tc: this is
called a first-order transition. The entropy per unit volume
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s = − 1

V

∂�

∂T
= − ∂γ

∂T
(7.6)

in zero external field has a jump at the transition temperature.
In the second case, a spontaneous magnetization also appears below Tc but it

vanishes continuously at Tc. This continuous transition, often called a second-order
transition, presents a critical point at Tc and we shall restrict ourselves in the fol-
lowing to this critical case, which presents many intriguing features. The vicinity
is marked by a rich singular structure (see Section 2.6) and we shall study what
Landau theory predicts for these singularities.

7.2 Landau theory near the critical point: homogeneous case

Since the order parameter m vanishes above Tc and remains small below Tc for T
near Tc, it is natural to assume that one can expand the free energy per unit volume
in powers of m, the norm of the order parameter.

γ (m, T ) = k(T )+ 1

2
a(T ) 	m2 + 1

4
b(T )( 	m2)2 + 0(m6). (7.7)

We assume that b(Tc) is positive and remains positive in the domain of tempera-
tures of interest. (The case of negative b is also of interest but it leads to different
physics, such as tricritical points.)

Note that the simplicity of the expansion (7.7) comes from the fact that we have
limited ourselves to symmetries under n-dimensional rotations. For an arbitrary
group, the expansion should contain all the invariants of increasing orders that one
can construct with the order parameter. In particular, for the rotation group there
is no cubic invariant. For groups that allow for an invariant of degree three it is
easy to see that the transition is of first order. In many cases there may be several
invariants of degree four and the discussion which follows must be re-examined.

Exercise
Assume that the order parameter m is an n × n real symmetric matrix and that the
free energy is invariant under m → g1mgt

2 , in which g1 and g2 belong to the group
On. Find the quadratic invariant and the quartic ones.

The magnetic field is thus related to the magnetization by (7.5),

hα = a(T )mα + b 	m2mα + O(m5), (7.8)

this equation being the magnetic equation of state (equivalent to the p = p(V, T )
for a fluid).
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Spontaneous magnetization

This is the solution of (7.8) for h = 0. If there are several non-zero solutions, we
have to choose the solution that minimizes the free energy.

The obvious solution mα = 0 is a minimum of γ (m) for a(T ) > 0. However, if
a(T ) < 0, this solution is a maximum and the minimum is given by

m2
s = −

a

b
, (7.9)

in which m is the norm of the vector 	m.
The critical temperature is thus associated with the vanishing of a(T ) and its

change of sign. The simplest assumption is to take

a(T ) = a0t + O(t2), (7.10)

in which

t = (T − Tc)

Tc
. (7.11)

Then the spontaneous magnetization ms(t) is given by

ms(T ) =
{

0 if t > 0(− a0
b t
)1/2

if t < 0.
(7.12)

This behaviour may be characterized by a critical exponent β,

ms � (−t)β, (7.13)

with

β = 1

2
. (7.14)

Note that if we had kept the terms of degree greater than four in the expansion (7.7)
this would not have affected the value of β. And similarly, if we had kept the term
of order t2 in the expansion of a(T ).

If the norm of the spontaneous magnetization is fixed by these equations, its
direction remains arbitrary, on a sphere if n > 1 or±1 if n = 1. Again it is through
boundary conditions or by the direction imposed by a vanishingly small external
field that a pure state, of given magnitude and orientation for 	ms may be found. We
shall call 	e the unit vector along 	ms:

	ms = ms	e. (7.15)
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Susceptibility

The vicinity of the critical point is also marked by a strong response of the mag-
netization to an applied external field. Let us examine the susceptibility when the
applied field tends to zero:

χα,β = ∂mα

∂hβ

∣∣∣∣
h=0

. (7.16)

The inverse of χ (in the matrix sense) is

∂hα
∂mβ

= (a + bm2)δα,β + 2bmαmβ

= (a + bm2)(δα,β − eαeβ)+ (a + 3bm2)eαeβ. (7.17)

On the last expression one sees that this matrix has one ‘longitudinal’ eigenvalue
(a + 3bm2) and (n − 1) equal ‘transverse’ eigenvalues a + bm2. Therefore,

χα,β = 1

(a + bm2)
(δα,β − eαeβ)+ 1

(a + 3bm2)
eαeβ, (7.18)

and we can define a longitudinal susceptibility,

χL = 1

(a + 3bm2)
, (7.19)

and a transverse one

χT = 1

(a + bm2)
. (7.20)

Let us look at what happens if we let the external field vanish.

Longitudinal susceptibility Above Tc, since there is no spontaneous magnetization,

χL = 1

a(T )
= χ0

t
, (7.21)

i.e., a linear divergence,

χL � 1

tγ
with γ = 1. (7.22)

Below Tc, we have m2
s = −a/b and

χL = 1

−2a(T )
= −χ0

2t
, (7.23)

again a linear divergence

χL � 1

(−t)γ ′
with γ ′ = γ = 1. (7.24)
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Transverse susceptibility For n > 1 we have (n − 1) transverse directions. Above
Tc in zero field

χT = χL � 1

t
(7.25)

but below Tc, since (a + bm2) vanishes with the field, the transverse susceptibility
is infinite! This phenomenon, related to the presence of Goldstone modes, will be
discussed in Chapter 13.

Specific heat

In zero field, the free energy per unit volume (7.7) is equal to

γ (T ) = k(T ) (7.26)

above Tc, but below Tc

γ (T ) = k(T )− a2

4b
. (7.27)

The free energy is thus continuous at Tc (since a(T ) vanishes), its first derivative
(equal to minus the entropy per unit volume) also vanishes (since the derivative of
a2 vanishes). But the specific heat per unit volume, equal to −T ∂2γ

∂T 2 has a discon-
tinuity. It is customary to introduce two critical exponents α and α′ to characterize
the singularity of the specific heat

C = C+
0 tα for t > 0; C = C−

0 (−t)α
′

for t < 0 (7.28)

but in the Landau theory

α = α′ = 0 (7.29)

and the singularity is a step discontinuity.

Critical isotherm

Another critical exponent characterizes the critical isotherm, namely the relation
between the external field and the magnetization at the critical temperature Tc. Then
the relation (7.7) between the magnitude of the field and that of the magnetization
takes the form

h = bm3 + O(m5), (7.30)

i.e.,

h � mδ with δ = 3. (7.31)
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7.3 Landau theory and spatial correlations

We want now to study the range of correlations in this system, for instance, we
would like to know how a change of the magnetic field at site 	r ′ affects the magne-
tization at site 	r . This means that we have to extend the Landau theory to allow for
spatially varying order parameters. Up to now we have worked with a lattice, but
we shall now consider continuous space. This may be achieved, if we started with
a lattice model, by a coarse graining of the magnetization: we consider a small
cell that is large compared with the lattice spacing a, but small compared with
the correlation length (I shall define it below and verify that it is very large near
the critical point). From now on, everything that I discuss will be limited to the
cases in which the correlation length is much larger than the lattice spacing. So the
coarse-grained magnetization 	m(	r) is the average of the lattice magnetization in
some neighbourhood of 	r .

Remark
This coarse graining has the effect of supressing the quantum mechanical proper-
ties of the spins. If

	m(	r) = 1

p
	Si , (7.32)

in which p is the number of spins in the coarse graining cell surrounding 	r then,
for any spin we have

[Sαi , Sβj ] = i�δi, jε
αβγ Sγj (7.33)

but for 	m(	r) = 1
p

∑
i
	Si one finds

[mα,mβ] = 1

p
εαβγmγ . (7.34)

This factor 1/p shows the reduction of quantum effects and explains why we can
limit ourselves here to classical commuting order parameters. It is again the fact
that the correlation length is large that allows coarse graining with a relatively
large p and explains that critical points are mostly classical (critical points at zero
temperature are an exception to this statement).

The free energy is thus a function of mα(	r), in which 	r is a d-dimensional vector
and the order parameter has n components (α = 1, . . . , n). The expansion (7.7) was
based on the fact that near Tc the order parameter was small. Furthermore, since
we expect long-range correlations, the order parameter should also vary slowly in
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space and we can assume that we can also expand in powers of the gradients of the
order parameter:

�{m(	r)} = �0(T )

+
∫

dd	r
[

1

2
a(T )m2 + 1

4
b(m2)2 + O(m6)

+ 1

2

d∑
a=1

n∑
α=1

(
∂mα

∂ra

)2

+ O(∇m4)

]
. (7.35)

Note that rotational invariance in the n-dimensional internal space of the order

parameter implies that
(
∂mα

∂ra

)2
is independent of α, but it may vary with a. We

have implicitly assumed that by an appropriate rescaling of space ra → λara , we
have made all these coefficients equal to 1

2 of (7.35).
Of course, if the order parameter is constant in space, (7.35) reduces to the

previous simple form (7.7), but now we are in a position to study new effects.
Assume that we wish to determine the influence on mα(	r) of a change of the
external field at 	r ′:

Gα,β(	r , 	r ′) = δmα(	r)
δhβ(	r ′) . (7.36)

It is easier to calculate first its inverse (in the matrix and kernel sense) and we
first compute

hα(	r) = δ�

δmα(	r) , (7.37)

since from (7.35) we find

hα(	r) = (a + bm2 −∇2)mα(	r). (7.38)

It is thus easier to compute the inverse of G, namely

δhα(	r)
δmβ(	r ′) . (7.39)

We now assume that, after taking this variation, the external field is reduced to
zero. The magnetization is thus a constant vector

mα(	r) = mseα, (7.40)

in which ms is given by (7.9). Then

Fαβ(	r − 	r ′) = δhα(	r)
δmβ(	r ′) = δαβ(a + bm2

s − ∇2)δ(	r − 	r ′)+ eαeβ2bm2
sδ(	r − 	r ′).

(7.41)
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The translational invariance of this problem leads to the solution: we define

gαβ(q) =
∫

ddrei	q·	r Gα,β(	r) (7.42)

and

fαβ(q) =
∫

ddrei	q·	r Fα,β(	r) (7.43)

and the equation (7.41) gives immediately

fαβ(q) = δαβ(a + bm2
s + q2)+ eαeβ2bm2

s

= (δαβ − eαeβ)(a + bm2
s + q2)+ eαeβ(a + 3bm2

s + q2). (7.44)

The n × n matrix gαβ(q) is the inverse in the matrix sense of fαβ(q). The term
eαeβ is the matrix element of the longitudinal propagator PL on the direction of e,
whereas (δαβ−eαeβ) is the transverse projector PT, which projects onto the (n−1)
directions orthogonal to e. Therefore, we have immediately the inverse

gαβ(q) = (δαβ − eαeβ)
1

(a + bm2
s + q2)

+ eαeβ
1

(a + 3bm2
s + q2)

. (7.45)

• Above Tc in zero field, ms = 0 and thus the longitudinal and the transverse parts are
equal

gL(q) = gT(q) = 1

a + q2
. (7.46)

Consequently,

GL(	r) = GT(	r) =
∫

ddq

(2π)d
e−i	q·	r

q2 + a(T )
. (7.47)

The vector 	r stands here for the difference 	r − 	r ′. The asymptotic behaviour of this inte-
gral is well-known (see the appendix at the end of this chapter). Defining the correlation
length

ξ = 1√
a(T )

(7.48)

gives an exponential fall-off of the correlations of the form

G(r) ∼ e−
r
ξ

r (d−1)/2
. (7.49)

Since a(T ) tends to zero at Tc, there is indeed a divergent correlation length with the
behaviour

ξ � ξ
(+)
0

tν
with ν = 1

2
. (7.50)
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• At Tc

GL(	r) = GT(	r) =
∫

ddq

(2π)d
e−i	q·	r

q2
(7.51)

and on purely dimensional grounds one sees that G(r) falls off as 1/r (d−2), namely

G(r) ∼ 1

rd−2+η with η = 0. (7.52)

• Below Tc the longitudinal and transverse responses are different; replacing m2
s by its

value, one finds

GL(	r) =
∫

ddq

(2π)d
e−i	q·	r

q2 − 2a(T )
. (7.53)

As before, we now have an exponential fall-off with a correlation length

ξ = 1√−2a(T )
, (7.54)

i.e.,

ξ � ξ
(−)
0

(−t)ν′
with ν′ = 1

2
. (7.55)

However, the transverse response is

GT(	r) =
∫

ddq

(2π)d
e−i	q·	r

q2
, (7.56)

which falls off only as the power 1/r (d−2).

7.4 Transitions without symmetry breaking: the liquid–gas transition

Everything up to now relied on a free energy, invariant under some symmetry. How-
ever, if we look at the transition from a fluid (T > Tc) to a phase where liquid and
vapour can coexist (T < Tc), one does not see any symmetry breaking. The order
parameter would be proportional to the difference of volume per particle between
the two phases, and one can consider an expansion in powers of this difference for
the pressure:

P = P0 + am + bm2 + cm3. (7.57)

A simple translation on m may be used to cancel the m2 term and one finds

P − Pc = ãm + b̃m3, (7.58)

exactly as for the relation h versus m in an n = 1 magnetic system.
Therefore, accidentally in a way, the critical properties of the liquid–gas to

fluid transition are identical to n= 1 magnets. However, the absence of symmetry
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manifests itself in the corrections to the leading critical behaviour. Indeed, for the
magnetic equation of state, the Z2 symmetry prevents the occurrence of a term pro-
portional to m4 in the magnetic equation of state, whereas such a term is allowed
in (7.58).

7.5 Thermodynamic meaning of �{m}
Let us return for a while to statistical mechanics. There we know that the free
energy F{h} is obtained (or rather obtainable in some simple cases) from the log-
arithm of the partition function. If, for simplicity, we take a homogeneous field h
then the free energy per unit volume is

f (h) = − 1

V

1

kT
log Z (7.59)

and the magnetization per unit volume is

mα = − ∂ f

∂hα
. (7.60)

Imagine that we solve this last relation for h = h(m), then the free energy per unit
volume γ (m) is defined as

γ (m) = f (h)+ h ·m. (7.61)

The transformation f → γ (Legendre transformation) is symmetric, as one can
verify by taking the derivative of both sides with respect to m:

∂γ

∂mα

=
∑
β

(
∂ f

∂hβ

∂hβ
∂mα

+ mβ

∂hβ
∂mα

)
+ hα. (7.62)

The cancellation of the first two terms leads to

hα = ∂γ

∂mα

. (7.63)

Let us look more closely at what this implies in the simple case n = 1. Let us
imagine that we have computed f (h) in an Ising-like model. The resulting f (h)
is even in h, by symmetry. However, its derivative as h → +0 is non-zero below
Tc, since it is −ms; its derivative when h → −0 is opposite, it is +ms. Therefore,
f (h) exhibits a cusp at h = 0. The function f (h) is convex, i.e., f ′′(h) ≤ 0
(GKS inequality). This implies that, for h > 0, m increases from ms. If we plot the
resulting h(m), and by integration γ (m) one sees that the ‘true’ h(m) and γ (m) are
not given below Tc by a formula such as h = am+bm3 and γ (m) = 1

2 am2+ 1
4 bm4

but for γ by the convex envelope of Landau formula, and for h by Maxwell’s
construction: i.e., a coexistence straight line rather than a loop, erasing two pieces
of equal area (Figs 7.4 to 7.7).
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f

h

Figure 7.4 The free energy as a function of the applied field

M

M0

h

–M0

Figure 7.5 The magnetization versus the applied field

7.6 Universality

The critical behaviour given by Landau theory is completely independent of the
specific system under consideration; the results that we have found are independent
of the dimension of space, of the symmetry group, etc. However, Table 7.1 shows
that they do not agree with the exact results of the two-dimensional Ising models;
one could argue that two dimensions are special and that for real three-dimensional
experimental systems this simple theory applies. But the experimental results show
that, if Landau theory is qualitatively simple and powerful, in practice it is not quite
right.
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h

M0 M–M0

Figure 7.6 The field versus the magnetization

–M0 M0

Γ

M

Figure 7.7 The convexity of the free energy as a function of the magnetization

Given this failure, one could have thought that the true behaviour is specific to
each system: every species of molecules having a liquid–gas critical point would
have its own behaviour; every magnetic system would be different. Indeed, there is
little in common between helium, whose liquid–gas critical point is Tc � 5.2 K and
CO2 where Tc � 304 K. Nevertheless, the accumulation of precise experiments has
revealed that all the liquid–gas transitions have the same set of exponents, the same
equation of state if we take reduced variables (P/Pc, ρ/ρc, T/Tc), the same corre-
lation functions as function of r/ξ . Furthermore, this same set of critical properties
is valid for all the n = 1 systems; those in which the order parameter is a simple
scalar, uniaxial ferromagnets, the critical point of demixion of two fluids, etc.



82 Phenomenological description of critical behaviour

Table 7.1 Table of critical exponents

Definition Landau theory Two-dimensional Ising d = 3 (n = 1)

Spontaneous
magnetization
ms ∼ (−t)β

β = 0, 5 β = 1/8 β � 0.325

Susceptibility (h = 0)
χ ∼ tγ for t > 0 ,
χ ∼ (−t)γ

′
for t < 0

γ = γ ′ = 1 γ = γ ′ = 7/4 γ = γ ′ � 1.240

Specific heat C ∼ t−α
for t > 0
C ∼ (−t)−α′ for
t < 0

α = α′ = 0
(discontinuity)

α = α′ = 0
(log–divergence)

α � α′ � 0.11

Critical isotherm
h(Tc) ∼ mδ

δ = 3 δ = 15 δ � 5.2

Correlations (T 
= Tc)
ξ ∼ tν for t > 0
ξ ∼ (−t)ν

′
for t < 0

ν = ν′ = 0.5 ν = ν′ = 1 ν � ν′ � 0.63

Correlations (T = Tc)
G(r) ∼ 1/rd−2+η

η = 0 η = 1/4 η � 0.03

However, when the nature of the broken symmetry changes, the critical proper-
ties also change. For instance, the susceptibility exponent γ � 1.24 for n = 1, but
it is close to 1.43 for n = 3. Therefore, the critical behaviour is universal but within
a given class of symmetry. If we restrict ourselves to the rotation group acting on
n-component vectors, the classes of universality are simply labelled by n. They are
also dependent on the dimensionality of the system: contrary to the Landau theory
the critical behaviour also changes with the space dimensionality.

This universal character, common to a large number of different systems,
remained a puzzle until the renormalization group approach of K. Wilson allowed
one to understand the origin of this extraordinary phenomenon.

7.7 Scaling laws

There are many kinds of scaling law in this problem. First of all, a singularity of
some physical quantity x of the type x � t−κ gives rise to an elementary scal-
ing law: the result of a measurement in the range 10−p < t < 10−p+1 can be
superposed to the range 10−p−1 < t < 10−p by a simple rescaling of x . In other
words, the system is self-similar at different scales, the critical exponent being the
characteristic of the rescaling.



7.7 Scaling laws 83

Furthermore, it has been found that the nine exponents defined in Table 7.1
satisfy seven relations: only two exponents are independent. These relations have
often been derived as inequalities, but the renormalization group approach, as well
as the exact solutions to models, do conclude that they are equalities. They may be
written

α = α′, γ = γ ′, ν = ν ′
γ = ν(2− η), α + 2β + γ = 2, δ = 1+ γ

β

α = 2− νd. (7.64)

Only the last equality involves the dimension of space and we shall see that it is
valid only for d ≤ 4. The exponents of the two-dimensional Ising model satisfy this
relation, and the Landau exponents too . . . provided d = 4. The renormalization
group approach will explain why two exponents only, namely η, related to the
dimension of the field, and ν, of the energy, suffice.

These relations (7.64) are also called scaling laws because they reflect some
deeper true scaling property. For instance, one finds that the magnetic equa-
tion of state, i.e., the relation which links (h,m, t) is invariant under a rescaling
t→ λt, m → λβm, h → hλβδ. In other words, one has only one independent
variable, not two, and one may write, for instance,

h

mδ
= ϕ

(
t

m1/β

)
. (7.65)

This reduction to one variable has been well verified experimentally and the func-
tion ϕ itself is universal. However, we know that above Tc, the magnetization m
vanishes linearly with the applied field h. It is a simple exercise to verify that
this implies the function ϕ(x) ∼ x−β(δ−1) for x large, and that the susceptibility
diverges when t → 0 as t−β(δ−1), hence the relation γ = β(δ − 1).

Let us now examine the scaling properties of the correlation function. There
again the (longitudinal) response function G(	r , t) is found to be of the simple form

G(	r , t) = ξ pg

(
r

ξ

)
, (7.66)

with a universal function g(x). The limit T → Tc, at which G(	r , 0) ∼ 1
rd−2+η ,

implies that g(x) ∼ x p when x → 0 and that p = −(d − 2 + η). The magnetic
susceptibility is the integral over space of G(	r , t). It is thus proportional to ξ p+d ,
i.e., to t−ν(p+d), hence showing again that the relation γ = ν(2 − η) is simply a
consequence of the scaling law for the correlation function.
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Appendix Large-distance behaviour of the free propagator

We return to

G(	r) =
∫

ddq

(2π)d
e−i	q·	r

q2 + μ2

to find its behaviour at large distance. If we write

1

q2 + μ2
=
∫ ∞

0
dt e−t (q2+μ2),

the integrations over 	q are Gaussian and we find

G(r) = 1

(4π)d/2

∫ ∞

0

dt

td/2
e
−
(

r2
4t +tμ2

)
.

If we rescale t → r
2μ t , we obtain

G(r) = 1

(4π)d/2

(
r

2μ

)1−d/2 ∫ ∞

0

dt

td/2
e
− rμ

2

(
t+ 1

t

)
.

For μr large the integration over t is governed by the saddle-point t0 solution of
d
dt (t + 1/t) = 0, i.e., by the point t0 = 1 on the integration contour. If we write
t = 1 + x , then t + 1/t = 2 + x2 + O(x3) and the Gaussian integration over x
gives the result

G(r) ∼ e−μr

r (d−1)/2
.
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Mean field theory

Landau theory was purely thermodynamic, not microscopic. I want to prove in
this chapter that in statistical physics one may recover Landau theory through a
standard and simple approximation: mean field theory, in which the interactions
between the constituents are replaced by an average which acts independently on
every degree of freedom.

8.1 Weiss ‘molecular field’

Pierre Curie’s experiments on ferromagnetism (1895) have demonstrated the
existence of a paramagnetic–ferromagnetic transition, and shown that at high tem-
perature the magnetic susceptibility falls off as 1/T . Let us show that a model of
independent spins is sufficient to recover Curie’s 1/T law.

If we take simply an energy of interaction of the spins with an external magnetic
field;

E(C) = −h
∑

σi (8.1)

and the spins are independent. The probability that one spin takes the value σ = ±1
is simply

p(σ ) = 1

2 coshβh
eβhσ (8.2)

and the magnetization m = 〈σ 〉 is given by

m =
∑
σ

σ p(σ ) = tanhβh. (8.3)

For large T this reduces to m ∼ βh and the susceptibility ∂m/∂h is indeed
proportional to 1/T .

A few years later, Weiss modified this simple picture by postulating an additional
external field acting on a given spin (at the time spin was unknown; it was thought
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of as a magnetic dipole). This ‘molecular field’ results from the field created by the
other moments acting on the one under consideration. Therefore, this additional
field is larger if the magnetization in the system is larger; so Weiss postulated the
existence of an effective field acting on each spin of the form

heff = h + αm. (8.4)

If we use this effective field in (8.3) we obtain a self-consistent equation

m = tanh(βheff) = tanhβ(h + αm). (8.5)

One verifies easily that in zero field this equation has only the paramagnetic
solution m = 0 if αβ < 1 (Fig. 8.1), but for αβ > 1 there are three solutions
(Fig. 8.2) and until we compute a free energy we cannot really conclude that the
solutions with m 
= 0 are favoured. This is why we have to go beyond this simple
picture.

tanh(βm)

T > Tc

m

m

Figure 8.1 Weiss equation T > Tc

T < Tc

m

tanh(βm)

m

Figure 8.2 Weiss equation T < Tc
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In the paramagnetic phase αβ < 1, m vanishes with h; therefore, for small h one
has simply

m = β(h + αm) i.e.,
m

h
= 1

kT − α . (8.6)

The susceptibility satisfies the 1/T law at high temperature, but it diverges at a
critical temperature kTc = α.

This self-consistent approach, i.e., m determined as a result of a field depending
on m itself, provides an interesting picture at this stage but is not a microscopic
theory.

8.2 Mean field theory: the variational method

How can one recover this simple molecular field picture within statistical physics?
Let us take a spin model, such as

E(C) = −1

2

∑
i, j

Ji jσiσ j −
∑

i

hiσi , (8.7)

in which we can consider a general interaction Ji j (invariant though by lattice
translations). An easy way of deriving the mean field equations is to write

σiσ j = (σi − 〈σ j 〉)(σ j − 〈σ j 〉)+ σi 〈σ j 〉 + σ j 〈σi 〉 − 〈σi 〉〈σ j 〉 (8.8)

and to drop the first of the four terms in the r.h.s., which is quadratic in the fluctua-
tions of the spins with respect to their average. This leads immediately to a simple
independent-spins problem, but we shall choose a slightly different route, which
has the advantage of allowing us to compute the correlation of distant sites. Led by
the Curie–Weiss picture, we want to replace this E(C) by an energy of independent
spins in some unknown field

E0(C) = −
∑

i

xiσi , (8.9)

in which the yet unspecified parameters xi will be fixed by a variational principle,
which will make the effect of E0 as close as possible to that of E .

Notation

〈A〉 = 1

Z

∑
C

A e−βE(C)

〈A〉0 = 1

Z0

∑
C

A e−βE0(C), (8.10)
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then
Z

Z0
=
∑

C e−βE(C)∑
C e−βE0(C) = 〈e

−β(E−E0)〉0. (8.11)

We now use the convexity of the exponential to establish the inequality (the proof
is simple; it is left to the reader)

〈eX 〉 ≥ e〈X〉. (8.12)

This leads to

log
Z

Z0
≥ −β(〈E(C)− E0(C)〉0

)
(8.13)

and for the free energy

F ≤ F0 + 〈E − E0〉0. (8.14)

The inequality (8.14) is valid for any choice of the parameters xi . Therefore, we
will choose these parameters in a way that minimizes the r.h.s. of (8.14) to be as
close as possible to F within the class of independent-spin Hamiltonians.

The mean field free energy is thus defined as

Fm.f. = infxi [F0 + 〈E − E0〉0]. (8.15)

We have thus to calculate the terms of the r.h.s. of (8.15) and minimize afterwards.
The calculations are straightforward:

Z0 =
∏

i

2 coshβxi (8.16)

〈σi 〉0 = 1

β

∂ log Z0

∂xi
= tanh(βxi ) (8.17)

and since, with the Boltzmann weight given by E0, the spins are independent

〈σiσ j 〉0 = 〈σi 〉0〈σ j 〉0. (8.18)

Then one obtains

Fm.f. = inf
x
[F0 + 〈E − E0〉0]

= inf
x

[
− 1

β

∑
i

log (2 coshβxi )

−
∑

i

(hi − xi ) tanhβxi − 1

2

∑
i, j

Ji j tanhβxi tanhβx j

]
. (8.19)
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The minimization with respect to xi gives

xi − hi =
∑

j

Ji j tanhβxi , (8.20)

an equation which shows that (x − h) is nothing but the additional molecular field
of Weiss. In this mean field theory one can calculate the magnetization

mi = −∂Fm.f.

∂hi
. (8.21)

Some care is needed since Fm.f. depends on h explicitly, and through the xi , but the
stationarity conditions give the simple result

mi = tanhβxi . (8.22)

To compare with Landau theory we compute now

�(m) = F(h)+
∑

i

hi mi (8.23)

and, after a little bit of elementary algebra, using identities such as

arg tanh m = 1

2
log

1+ m

1− m
and log cosh u = −1

2
log (1− tanh2 u),

one finds

�m.f. = −1

2

∑
i j

Ji j mi m j + kT
∑

i

[
1+ mi

2
log

1+ mi

2
+ 1− mi

2
log

1+ mi

2

]
.

(8.24)

Note that this form of the free energy is very transparent: the first term of (8.24)
is the interaction energy and the second term is entropy. Indeed, given a magne-
tization m, the probability that the spin is up is (1 + m)/2, and that it is down is
(1 − m)/2. The entropy is −k

∑
i pi log pi and the r.h.s. of (8.24) is nothing but

E − T S.

Exercise Infinite range model
One considers a system of N Ising spins, in which all pairs interact with a weak
interaction of order 1/N. In an external field, the energy is

βE(C) = − J

2N

N∑
i=1

N∑
j=1

σiσ j − h
N∑
1

σi .
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Let us introduce the variable μ =∑N
1 σi and use the identity

e
Jμ2

2N =
√

N J

2π

∫ +∞

−∞
dxe−

N J x2
2 +Jμx .

1. From the previous identity show that the partition function takes the form

Z(h) = C
∫

dxe−Nφ(x,h),

in which C is an h-independent constant.
2. In the limit of a large volume, here large N, find the free energy per site f (h) =

limN→∞ F(h)
N .

3. Determine the corresponding free energy �(m) as a function of the magnetization and
show that, for this model, the mean field theory is exact.

Let us now show that the cumbersome expression (8.24) allows us to recover all
the consequences of Landau theory in the vicinity of the critical point.

Homogeneous case

If the field h is uniform, mi = m is site independent and the free energy per site is
given by

γm.f.(m) = −1

2
Jm2 + kT

[
1+ m

2
log

1+ m

2
+ 1− m

2
log

1− m

2

]
, (8.25)

where J stands for

J =
∑

j

Ji j (8.26)

(this last sum is independent of i by translation invariance). Expanding in powers
of m this gives

γm.f.(m) = 1

2
a(T )m2 + 1

4
bm4 + O(m6), (8.27)

where

a = kT − J , b = kT

3
. (8.28)

We are thus led back to the discussion that we had with Landau theory. The
parameter a vanishes linearly and changes sign at a critical temperature

Tc = J
k
. (8.29)

Since all the terms of degree higher than m4 played no rôle in the dominant critical
behaviour, the exact form (8.25) was only used to provide the coefficients a and b
and nothing else.
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Spatial correlations

Let us examine again the response of the magnetization at a point 	ri to a change of
the applied field at point 	r j (the lattice sites are located at points labelled i, j, . . . but
it is useful here to remember that the lattice point i is a vector 	ri in d dimensions):

Gi j = ∂mi

∂h j
. (8.30)

Here again, it is easier to calculate first its inverse

(G−1)i j = ∂hi

∂m j
= ∂2�

∂mi∂m j
. (8.31)

In zero field, above Tc, we take two derivatives of (8.24) and set m = 0; this gives

(G−1)i j = −Ji j + kT δi j . (8.32)

Translation invariance allows one to solve the required matrix inversion, to recover
Gi j . Given a translation invariant matrix Xi j , i.e., Xi j = X	ri+	u,	r j+	u , in which 	u is
any vector joining two lattice sites, one defines

x(	q) =
∑

j

Xi j ei	q·(	ri−	r j ). (8.33)

Let us take a simple ‘cubic’ lattice in d dimensions with lattice spacing a. Then
this formula is inverted by integrating over 	q in a Brillouin zone, here in an interval
for each component of 	q of size 2π/a, for instance (−π/a, π/a); then

Xi j = ad

(2π)d

∫
B.Z.

ddq x(	q) e−i	q·(	ri−	r j ). (8.34)

Therefore, we define

J (	q) =
∑

j

Ji j ei	q·(	ri−	r j ), (8.35)

G(	q) =
∑

j

Gi j ei	q·(	ri−	r j ) (8.36)

and

G−1(	q) =
∑

j

(G−1)i j ei	q·(	ri−	r j ), (8.37)

then the Fourier transform of (8.32) gives

G−1(	q) = −J (	q)+ kT (8.38)
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and thus

G(	q) = 1

−J (	q)+ kT
. (8.39)

Let us note that J defined in (8.26) is given by

J = J (0) = kTc (8.40)

and thus we can write

G(	q) = 1

J (0)− J (	q)+ k(T − Tc)
. (8.41)

This is general, but we can examine what happens for simple nearest-neighbour
couplings:

J (	q) = J (eiq1a + e−iq1a + · · · + eiqd a + e−iqd a) (8.42)

and

J (0)− J (	q) = 2J
d∑

l=1

(1− cos qla) � Ja2	q2 + O(q4). (8.43)

Finally, we obtain

Gi j = ad

(2π)d

∫
B.Z.

ddq
e−i	q·(	ri−	r j )

J (0)− J (	q)+ k(T − Tc)
. (8.44)

The behaviour for large distances, i.e., large |	ri − 	r j | is governed by the behaviour
of the factor in front of the oscillating exponential at small q. If we assume an inter-
action such as J (0)−J (	q) ∼ 	q2, as is the case for nearest-neighbour interactions,
or any short-range interactions such that∑

j

Ji j (	ri − 	r j )
2 <∞; (8.45)

we are exactly in the situation studied with Landau theory.

8.3 A simpler alternative approach

We ended the previous section with the following conclusions: mean field theory is
an approximation whose critical content is identical to Landau theory. We have thus
to go beyond this approximation if we want to understand the quantitative failure
of this approach. However, the spin model with which we started contains details
that are superfluous, irrelevant. The only things that mattered in γ (m) were the
coefficients of m2 and m4; for the interaction all we need is that J (0)−J (	q) ∼ q2.

Let us consider the following alternative scheme. We start with microscopic
degrees of freedom ϕ(	r) instead of the spins. Again, a symmetry group acts on
ϕ, a simple Z2 with ϕ(	r)→−ϕ(	r), or a rotation group ϕa(	r)→ Rabϕb(	r), which
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leaves the energy invariant. The 	r are sites on a lattice. A configuration C consists
of an assignment of values of ϕ(	r) at each lattice site. Each component of ϕ(	r)
varies from −∞ to +∞. The probability distribution for ϕ(	r) is chosen to be

p(ϕ(	r)) = N e−cϕ(	r)2−dϕ(	r)4, (8.46)

in which c, d are constants and N is a normalization. Nearest neighbours are
coupled and the coupling energy is

E(ϕ(	r)) = J
∑
	r

d∑
α=1

(ϕ(rα + aeα)− ϕ(rα))2, (8.47)

in which eα is the unit vector in the direction α. If we expand the square in (8.47)
we obtain ϕ2 terms and a product at two neighbouring sites. Again, this interaction
favours slow spatial variations of ϕ(	r). Instead of (8.47), it is often convenient to
replace

d∑
α=1

(ϕ(rα + aeα)− ϕ(rα))2 → a2(∇ϕ)2 (8.48)

and similarly ∑
	r
→ a−d

∫
ddr (8.49)

but we have to remember that, in case of difficulties, the continuum model is
‘regularized’ by the underlying lattice.

If we combine the probability (8.46) and the energy (8.47), we end up with a
model with an exponential weight e−A with

A{ϕ} =
∫

ddr

{
1

2
(∇ϕ)2 + 1

2
r(T )ϕ2 + λ

4
ϕ4

}
. (8.50)

We have rescaled ϕ so that the coefficient of the gradient of ϕ is 1
2 ; hence we have

absorbed the inverse temperature β in this rescaling, but we should remember that
the coefficient of ϕ2 is temperature dependent and may change sign.

Therefore, the partition function of this model, if we add a spatially varying
magnetic field h(	r), is

Z{h} =
∫ ∏

	r
dϕ(	r) e−A{ϕ}+∫ ddrh(	r)·ϕ(	r). (8.51)

Let us check that the mean field and Landau theories correspond to the sim-
plest approximations to (13.3), namely we first look for the configuration of ϕ(	r)
with the largest weight, i.e., which minimizes the combination A − ∫ h · ϕ. This
configuration ϕ̂ is thus the solution of
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δA

δϕ(	r) − h(	r) = 0. (8.52)

At lowest order we keep only this configuration in the partition function, neglecting
all fluctuations of ϕ around ϕ̂. This gives

log Z (0){h} = −A{ϕ̂} +
∫

ddr h(	r) · ϕ̂(	r). (8.53)

We want to calculate the free energy �{m} and we follow the usual steps:

1. Find the magnetization:

m(	r) = −δF (0)

δh(	r) =
δ log Z (0)

δh(	r) (8.54)

(we have absorbed β in the rescaling of ϕ). In performing this derivative one should
remember that ϕ̂ depends upon h; however, the relation (8.52) that defines ϕ̂ leads to
the simple result

m(	r) = ϕ̂(	r) (8.55)

(indeed

δ log Z (0)

δh(	r) = ϕ̂(	r)+
∫

dds h(	s) · δϕ(	s)
δh(	r) −

∫
dds

δA

δϕ(	s)
δϕ(	s)
δh(	r)

but the last two terms cancel from (8.52)).
2. Apply the Legendre transform

�(0){m} = F (0){h} +
∫

ddr h(	r) ·m(	r), (8.56)

which reduces here simply to

�(0){m} = A{m} =
∫

ddr

{
1

2
(∇m)2 + 1

2
r(T )m2 + λ

4
m4
}
, (8.57)

when we take into account the expression F (0) = − log Z (0) and (8.55).

We have thus reached the goal that we had in mind: we have found a simpler
model in which the lowest approximation, in which we neglect all fluctuations of
the order parameter around its most likely value, reduces to the Landau theory. Up
to now, nothing new then, but we are in a position to study whether the approxi-
mation of order zero, that we have made, makes sense. If we took into account the
small fluctuations about ϕ̂ would it affect the previous analysis or not? This will be
examined in the following chapter.
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Beyond the mean field theory

9.1 The first correction to the mean-field free energy

In the previous chapter we have limited ourselves to the most likely value ϕ̂ of the
‘spin’ and neglected all fluctuations. We are now in a position to study whether
this approximation was legitimate. We thus consider ‘small’ deviations from ϕ̂ and
write

ϕ = ϕ̂ + ψ, (9.1)

and expand the weight A − hϕ to second order in ψ (the first order in ψ vanishes
by definition of ϕ̂):

A{ϕ} −
∫

ddr h(	r) · ϕ(	r)

= A{ϕ̂} −
∫

ddr h(	r) · ϕ̂(	r)

+ 1

2

∫
ddr dds ψ(	r) δ2 A

δϕ(	r)δϕ(	s)
∣∣∣∣
ϕ̂

ψ(	s)+ O(ψ3). (9.2)

This second derivative of A is given here by the kernel

K (	r , 	s) = δ2 A

δϕ(	r)δϕ(	s)
∣∣∣∣
ϕ̂

= δ(	r − 	s)(r + 3λϕ̂2 − 	∇2). (9.3)

(For simplicity, we limit ourselves in this chapter to a one-component ϕ; for an
n-component field ϕα one obtains a kernel Kαβ(	r , 	s). It is recommended that the
interested reader repeat the calculations of this chapter with an n-component order
parameter.) Therefore, taking into account the Gaussian fluctuations over ϕ̂, we
have

Z (1) = Z (0)
∫ ∏

	r
dψ(	r)e− 1

2

∫
ddrdd s ψ(	r)K (	r ,	s)ψ(	s). (9.4)
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This Gaussian integral over ψ gives (up to an irrelevant power of (2π))

Z (1) = Z (0)
1√

det K
(9.5)

i.e., the free energy

F (1) = F (0) + 1

2
Tr log K (9.6)

(we have used the identity log det K = Tr log K).
We have thus to find the eigenvalues of K . One cannot say much in general, but

if the external field is constant in space, the same is true of ϕ̂ and then the kernel
K (	r , 	s) = K (	r − 	s) is invariant by translation and a Fourier transformation will
give the eigenvalues of K .

It remains to calculate the Legendre transformation to obtain �(1). The result is
simple, but one has to take care. To simplify notation, let us write

F (1) = F (0) +�,
in which � stands for the correction 1

2 Tr log K. Then

m(1) = m(0) − ∂�

∂h
(9.7)

�(1){m(1)} = F (0) +�+ hm(1)

= F (0) + hm(0) +�− h
∂�

∂h

= �(0){m(0)} +�− h
∂�

∂h

= �(0)
{

m(1) + ∂�

∂h

}
+�− h

∂�

∂h

= �(0){m(1)} + h
∂�

∂h
+�− h

∂�

∂h
= �(0){m(1)} +�. (9.8)

We end up with the alleged correction to the Landau theory:

�(1){m} =
∫

ddr

{
1

2
(∇m)2 + 1

2
r(T )m2 + λ

4
m4

}
+ 1

2
Tr log K, (9.9)

with

K (	r , 	s) = δ(	r − 	s)(r + 3λm2 − 	∇2). (9.10)

Remark
The expression (9.9) is called the one-loop correction to the fluctuationless mean-
field approximation. The reason is that this free energy is the generating functional
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of all diagrams with one loop of integration. Clearly, the procedure that we have
used here can be pushed to higher orders, but we will understand the main features
of the problem from this one-loop functional.

For arbitrary m(	r) we cannot go further, but if the magnetization is uniform,
m(	r) = m, the problem becomes simple since the kernel K becomes translation
invariant. Let us consider a simple box of volume V = Ld with periodic boundary
conditions. The normalized function

u 	q(	r) = 1√
V

ei	q·	r , (9.11)

in which all the d components of q are integer multiples of 2π/L , are periodic, and
eigenfunctions of K since∫

ddsδ(	r − 	s)(r + 3λm2 − 	∇2)u 	q(	s) = (r + 3λm2 + 	q2)u 	q(	r). (9.12)

Therefore,

Tr log K =
∑
	q

log (r + 3λm2 + 	q2), (9.13)

in which the 	q have quantized components 2πn/L . In the large volume limit, these
sums converge to the integral

Tr log K = V

(2π)d

∫
ddq log (r + 3λm2 + 	q2). (9.14)

Then the free energy per unit volume is given by

γ (1)(m) = 1

2
r(T )m2 + λ

4
m4 + 1

2

∫
ddq

(2π)d
log

(
r + 3λm2 + 	q2

r + 	q2

)
, (9.15)

in which we have subtracted an m-independent constant so that γ (1)(0) = 0. We
should remember at this stage that the underlying lattice has the effect of limiting
the integral for large |	q| by a cut-off given by the size of the Brillouin zone, which
is proportional to the inverse of the lattice spacing a.

9.2 Physical consequences

There are several physical observables that we might draw from (9.15); they would
all lead to a similar analysis. Let us examine only one, for instance the zero-field
magnetic susceptibility above Tc:

χ = ∂m

∂h

∣∣∣∣
h=0

, (9.16)
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or rather,

1/χ = ∂2γ

∂m2

∣∣∣∣
m=0

= r(T )+ 3λ
∫

ddq

(2π)d
1

q2 + r
. (9.17)

In mean field theory, the susceptibility diverges at the critical temperature given by
r = 0. We see that the fluctuations have shifted the critical temperature since rc is
no longer zero but it is given by

0 = r(Tc)+ 3λ

2

∫
ddq

(2π)d
1

q2 + rc
. (9.18)

Subtracting (9.18) from (9.17) we end up with

1/χ = [r(T )− r(Tc)]

(
1− 3λ

2

∫
ddq

(2π)d
1

(q2 + r)(q2 + rc)

)
. (9.19)

In the last integral we can replace rc, which is of order λ, by zero since it would
yield a contribution of higher order, and for the same reason r by r(T ) − r(Tc),
which is proportional to t = (T − Tc)/Tc. Taking the constant of proportionality
equal to one, we end up with

1/χ = t

[
1− 3λ

2

∫
ddq

(2π)d
1

(q2 + t)q2

]
. (9.20)

At this stage, it is important to understand the logic of this calculation. We have
expanded in perturbation theory, to first order, the fluctuations of the order param-
eter about its most likely value, to go beyond the Landau theory. If the correction
is small, the Landau theory will be justified; if it is large, the Landau theory breaks
down, but so does this calculation as well: if it turns out that the first alleged cor-
rection is larger than the main term, this expansion is certainly not to be trusted.
The next term would presumably be even larger and so on.

Returning to (9.20) we see that the first term gives χ ∼ 1/t . If the integral in
the bracket remains finite when t → 0 then this result will remain true in our
calculation as well. So everything relies on the integral

I (t) =
∫

ddq

(2π)d
1

(q2 + t)q2
. (9.21)

1. If I (0) is finite, χ still diverges as 1/t . But

I (0) =
∫

ddq

(2π)d
1

(q2)2
(9.22)

and we have no problem for large q since there is a lattice cut-off, but the integral blows
up at small q unless d > 4. Therefore, within this approach, the Landau theory remains
valid above four dimensions; the critical temperature is modified by the fluctuations,
the coefficient of 1/t also, but not the nature of the singularity.
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2. However, I (t) diverges if d ≤ 4; a logarithmic divergence in four dimensions, a power
t−(4−d)/2 below four dimensions. The Landau theory breaks down but perturbation
theory as we have described it is useless since the first correction goes to infinity, and
the next ones even more.

Several remarks are now in order:

• For d > 4 the mean-field singularity is not modified by the fluctuations. This was shown
here at first order, but the analysis can be extended to arbitrary order. This result, in itself,
appeared initially as very surprising. For a long time it was believed that the mean-field
picture would be more and more exact when the dimension of space increased: indeed
the number of neighbours of a given site increases with d and then it is expected that
the fluctuations of the mean field decrease with d. In this line of reasoning there were
attempts in the past to start with the mean field for infinite d and expand the critical
exponents in powers of 1/d. This is not what happens: if the exponents change with d
for d < 4, they remain constantly equal to their mean-field values for d > 4. (I shall
show below that at d = 4 there are logarithmic corrections to the mean-field picture.)

Can one find a more intuitive understanding of the rôle of four dimensions? The fol-
lowing heuristic argument, from J. des Cloizeaux, is a step in that direction. It applies
to self-avoiding walks, the n = 0 limit of our problem. Consider two self-avoiding
walks; the two chains have a fractal dimension df = 1/ν. In dimension d, two man-
ifolds of dimensions d1 and d2 intersect ‘generically’ only if d1 + d2 ≥ d (like two
planes, or a plane and a line in three dimensions). For the two self-avoiding walks, the
excluded-volume rule of non-intersection will thus matter only if 2df ≥ d. On the other
hand, if 2df < d , one expects the excluded-volume rule to be irrelevant, since the prob-
ability of intersection is zero, and thus the chains should be Brownian. Then one has
ν = 1/2, df = 2: hence, if 2df = 4 < d the exponent of the self-avoiding walk coincides
with that of the simple Brownian random walk, the equivalent here of the mean-field
value.

• Returning to equation (9.20) one sees that, if the mean-field behaviour breaks down
close to Tc in fewer than four dimensions, further from Tc fluctuations give only a small
contribution, proportional to λ/t2−d/2. This parameter, introduced by Ginzburg, fixes the
size of the critical region: as long as it remains small, one sees a mean-field behaviour.
When it becomes large, mean field theory breaks down.

Conclusion Understanding the critical behaviour in dimensions d ≤ 4 is a non-
perturbative problem, i.e., a priori, a difficult problem, which remained unsolved
until Wilson’s work on the renormalization group (1971)1 enlightened and really
solved the problem.

1 K. G. Wilson, Phys. Rev. B, 4 (1971) 3174 and 3184.



10

Introduction to the renormalization group

The initial formulation of the renormalization group appeared in the study of
quantum electrodynamics (QED) in the high-energy limit where the momenta of
the particles (electrons, positrons, photons) were much larger than the rest mass
of the electron (Gell-Mann and Low, 1954).1 It is then natural to neglect the
electron mass from the beginning (rather than calculating Feynman diagrams and
taking their high-energy limit). However, the theory with massless electrons has to
be handled with some care: the usual definition of the renormalized charge, nor-
mally defined as the electron–photon vertex in the limit of vanishing momenta,
leads to an infrared divergence. Then the definition of the renormalized charge has
to be modified as being the value of the same vertex but at some arbitrary non-zero
momenta. This introduces a new length scale to the theory (the inverse of an arbi-
trary momentum in units � = c = 1). Physical quantities should not depend on
this arbitrariness, and different charges of the electron, related to different scales of
definition, lead to the same physics.

It was only in the beginning of the 1970s that the study of dilatation invari-
ance in field theory, extended by K. Wilson to the vicinity of the critical point and
similar physical problems, threw light on the true meaning of the renormalization
group.2 In a classical (non-quantum) theory, such as massless electrodynamics, the
charge of the electron is dimensionless in dimension (3+1), and the Maxwell–Dirac
equations are scale invariant, i.e., unchanged under

x → λx, Aμ(x)→ λ−1 Aμ(λx), ψ(x)→ λ−3/2ψ(λx). (10.1)

However, quantum theory breaks this dilatation invariance. Indeed, it is neces-
sary to introduce an extra length to regularize the theory, such as the inverse of

1 M. Gell-Mann and F. E. Wilson, Phys. Rev., 95 (1954) 1300.
2 K. G. Wilson, Phys. Rev. B, 4 (1971) 3174 and 3184; see also Phys. Rev. D, 2 (1970) 1478. C. G. Callan, Phys.

Rev. D, 2 (1970) 1541. K. Symanzik, Commun. Math. Phys., 18 (1970) 227.
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a momentum cut-off, or massive regularizing fields (Pauli–Villars), or dimensional
regularization, in which the charge of the electron acquires the dimension of a
length raised to the power 1

2(4− d). Therefore, quantum theory is not scale invari-
ant at any length scale, but only asymptotically at large distances with respect to
the small length (or inverse of a large momentum) that we had to introduce.

10.1 Renormalized theories and critical points

The vicinity of the critical point is, as we saw in Chapter 7, scale invariant: this
manifests itself when the correlation length ξ is very large compared with the lattice
spacing a. The analogy between criticality and renormalization is manifest. In its
Euclidean (imaginary time) formulation the weight of the path integral is analogous
to a Boltzmann factor. The regularization introduces a length scale, for instance
a ∼ �−1, the inverse of the momentum cut-off. The physics is related to situations
in which � is much greater than the physical masses and momenta, i.e., length
scales much larger than a. One must keep in mind that within this regularization
the gradient of a field represents the difference of its values at points that are at
distance a apart. For a simple scalar Euclidean action

A =
∫

dx((∂μϕ)
2 + V (ϕ)), (10.2)

the interaction term V is local; it does not couple distant points. The gradient term
couples points at distance a. One would expect, therefore, that the range of spatial
correlations would be not much larger than a: this would mean that the physical
mass, which is the inverse of this range, would be of the order of the cut-off. It
is thus necessary to adjust the parameters in an appropriate way to create long-
range correlations, and physical masses much smaller than the cut-off. In statistical
mechanics, this requires adjusting the temperature to be near Tc and the external
field to be very small. In field theory, the existence of a renormalized theory, in
which the cut-off is much larger than the masses, implies appropriately fixed bare
parameters of the action (bare masses, bare coupling constants).

10.2 Kadanoff block spins

In 1966, Kadanoff3 introduced a very simple picture to describe an interaction
that would vary with the scale. This picture is very approximate, it is much too
rudimentary to be able to lead to realistic calculations, but it is simple and thus
useful to have in mind when we go to more elaborate methods.

3 L. P. Kadanoff, Physics, 2 (1966) 263.



102 Introduction to the renormalization group

Figure 10.1 Kadanoff blocks

Let us consider a two-dimensional Ising model on a square lattice, lattice spacing
a, with

βE(C) = −J
∑
〈i j〉

σiσ j (10.3)

(a factor β has been included in J ). We now divide the lattice into blocks of four
spins (Fig. 10.1).

These blocks form themselves into a lattice of spacing 2a. For each block of four
spins, we define a block spin

Sb = 1

4
(σ1 + σ2 + σ3 + σ4), (10.4)

if (σ1, σ2, σ3, σ4) are the four vertices of the block b. Near Tc, where the range of
correlation is very large, the spatial fluctuations of small wavelength that would
destroy long-range order, are rare. Therefore, out of the 16 configurations for the
block, we retain only the two in which the four spins are alike, either all up, or all
down. Then Sb takes only the values±1. The constant (2J ) of the initial interaction
(10.3) is the difference of energy between two nearby spins parallel or antiparallel.
Let us term this difference of energy for the two blocks J ′, which depends on J :

J ′ = f (J ) (10.5)

and let us leave the function f unspecified at this stage. If ξ(J ) is the correlation
length measured as the number of steps on the initial lattice, on the block lattice it
is divided by 2 (a becomes 2a). Therefore,

ξ(J ′) = 1

2
ξ(J ). (10.6)

At the critical point Jc, ξ(Jc) is infinite; therefore, for the corresponding J ′ =
f (Jc), ξ is also infinite. Therefore, the critical point is a fixed point of (10.5),
namely a solution of:
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Jc = f (Jc). (10.7)

Near Jc, one can thus linearize the relation (10.5)

Jc − J ′ � f ′(Jc)(Jc − J ). (10.8)

If the divergence of ξ near Jc is governed by an exponent ν

ξ(J ) ∼ (Jc − J )−ν, (10.9)

then we must have

(Jc − J ′)−ν = 1

2
(Jc − J ′)−ν, (10.10)

which gives

[ f ′(Jc)]−ν = 1

2
or ν = log 2

log f ′(Jc)
. (10.11)

This very primitive method, although not really satisfactory as argued below,
nevertheless contains in essence the features that we will find in all the renormal-
ization group methods:

1. A change of the elementary scale induces a transformation of the parameters character-
izing the interactions.

2. A critical temperature as a fixed point of this transformation.
3. Critical exponents related to the linearized transformation near the fixed point.

In order to complete this programme, it remains to compute f (J ). The naive
estimate given by the difference of energy between two parallel adjacent blocks
and two antiparallel would lead to 2J ′ = 4J , i.e., no non-zero fixed point. So the
method remained as an interesting idea but not successful until it was reanalyzed
by K. Wilson in 1971.

10.3 Examples of real space renormalization groups: ‘decimation’

One dimension

This is a trivial and uninteresting problem, since the correlation length remains
finite at any non-zero temperature, but it is easy to treat. In Chapter 2, we have
computed the correlation length and found

ξ = 1

log coth J
(10.12)

(we have replaced β J with J ).
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To reduce the number of degrees of freedom, we first treat the odd sites; the spin
σ3 is coupled to σ2 and σ4. If we first sum over σ3, we have∑

σ3=±1

eJσ3(σ2+σ4) = AeJ ′σ2σ4 . (10.13)

It is easy to check that this is an identity with

e2J ′ = cosh 2J A = (4 cosh 2J )1/2. (10.14)

This identity may be used repeatedly to sum over all the spins at odd lattice sites.
(Let us assume that the number of lattice sites is even; it clearly doesn’t matter in
the thermodynamic limit.) We are thus led to an Ising model for the remaining even
sites with a → 2a and J → J ′.

The first relation (10.14) is easy to transform into

tanh J ′ = tanh2 J (10.15)

and it is easy to check with the explicit relation (10.12) that, since the remaining
even spins form a lattice with a → 2a, ξ has been divided by two:

ξ(J ′) = 1

2
ξ(J ). (10.16)

Finally, we have shown that

Z N (J ) = (4 cosh 2J )N/2 Z N/2(J
′) (10.17)

or, for the free energy per site, f = log Z/N to

f (J ) = 1

2
f (J ′)− 1

2
log 4 cosh 2J , (10.18)

from which one can easily recover the exact free energy. But let us return to (10.15)
to understand its content.

The effect of successive iterations is to divide the correlation length by two each
time. Therefore, for any initial value of J the iteration moves away from the fixed
point at J = ∞ (zero-temperature) to converge to the J = 0 (infinite temperature)
fixed point, at which the correlation length vanishes (Fig. 10.2). Therefore, one
discovers in this language that at any temperature the system is disordered.

More than one dimension

One can try the same strategy of summing over half the spins in any dimension.
For two dimensions, one sums over the lattice points surrounded by squares on the
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J ′

J

Figure 10.2 Iteration for a one-dimensional decimation

4

3

2

1 0

Figure 10.3 A two-dimensional decimation

figure, creating a new lattice of the remaining sites with a → a
√

2. A given spin
σ0 is coupled to four neighbours (Fig. 10.3) but∑

σ0=±1

eJσ0(σ1+σ2+σ3+σ4) 
= AeJ ′(σ1σ2+σ2σ3+σ3σ4+σ4σ1), (10.19)

and ∑
σ0=±1

eJσ0(σ1+σ2+σ3+σ4) = AeJ ′(σ1σ2+σ2σ3+σ3σ4+σ4σ1) eK ′(σ1σ3+σ2σ4)+L ′(σ1σ2σ3σ4).

(10.20)

The decimation generates a next-nearest-neighbour interaction and a four-spin
interaction, which were not present in the initial model. One could then say that the
initial model was too special and that one should start with a model that, from the
beginning, contains the three coupling constants J, K , L , but then the same deci-
mation not only is no longer possible exactly, but generates even more couplings.
Therefore, real space renormalization group transformations of the sort considered
here are more an art than a science. Later, we shall see why a small number of
interaction parameters should suffice, but it is not very clear at this stage.
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Figure 10.4 Blocks on a triangular lattice

Another example

Sometimes the method can lead to more accurate results. Consider a triangu-
lar lattice and partition it so that any spin belongs to one triangular block only
(Fig. 10.4).

The block spins (the black triangles) form a triangular lattice, in which a →
a
√

3. Define a block spin as

σb = sign(σ1 + σ2 + σ3), (10.21)

a simple majority rule. One then defines

e−E{σb} =
∑

σ, with σb fixed

e−E{σ }. (10.22)

If this calculation led to an Ising model of the block spins with nearest-neighbour
couplings the problem would be solved. However, it does yield, like the decimation,
new couplings, and the calculations can only be done approximately.

Percolation

This model has features similar to that of critical points, as was shown in Chapter 6
by connecting it to a Potts model. One starts with an infinite periodic lattice; each
site may be occupied with probability p, or empty with probability (1− p).

A cluster is a set of occupied sites connected by lattice bounds. At low p the
clusters are small, but one can prove that beyond a threshold pc there is an infin-
ite cluster with probability one. For p below pc the diameter ξ of the largest cluster
diverges when p becomes close to pc as (pc − p)−ν . The following approxi-
mate renormalization group does a good job. Start with the triangular lattice of
the previous figure, and partition it into blocks (the black triangles of the figure).
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We will decide that a block is occupied or empty by the majority rule: if at least
two of the three sites are occupied, the block is declared occupied. (This is only
approximate for blocks across the boundary of the cluster: they can be declared
occupied even with one site out; conversely they can be empty even with one site
in the cluster.) Our assumptions lead to

p′ = p3 + 3p2(1− p). (10.23)

The block triangles form themselves into a triangular lattice with spacing a →
a
√

3:

ξ(p′) = ξ(p)√
3
. (10.24)

At a fixed point ξ diverges, and there are three fixed points p = 0, 1
2 , 1. Clearly, an

empty or a full lattice are not what we are studying, so pc = 1
2 (which happens to

be exact). A linearization of (10.23) near pc gives

pc − p′ � 3

2
(pc − p) (10.25)

and thus (
3

2

)−ν
= 1√

3
(10.26)

i.e., ν � 1.35, whereas the exact result (this problem has been solved in two dimen-
sions) is ν = 4

3 . So, at last, this is an example in which real space renormalization
grouping is reasonable.

Exercises
Migdal–Kadanoff approximation (see Fig. 10.5)

(A) Dimension one
One considers a linear chain of Ising spins with nearest-neighbour interactions,
lattice spacing a,

βE(C) = −J
∑
〈i j〉

σiσ j .

One sums over the (n − 1) spins, between two sites at distance na on the lattice
(the decimation above being the simplest n = 2 case).

1. Prove that the remaining spins are again nearest-neighbour Ising spins (on the new
lattice) with

tanh K ′ = (tanh K )n .

2. Deduce from the above a functional relation for the correlation length ξ(K ); find the
solution to this functional equation (take as variable x = tanh K ).
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Dimension one (n = 3)

Dimension two: bond moving

Figure 10.5 Bond moving approximation

(B) Two dimensions
One now considers a square lattice in dimension two and assumes that the inter-
action constants Kx and Ky in the horizontal and vertical directions are unequal.
A sequence of two transformations will allow us to go from a lattice with lattice
constant a, to a lattice with constant na.

(i) First transformation: vertical bond moving
As a simplifying approximation, one moves the bonds as shown in Fig. 10.5. The result-
ing sites marked by a cross have only horizontal couplings; however, the circled sites
have a vertical coupling nKy and horizontal couplings unchanged. Clearly, the ground
state energy is unchanged.

Sum over the crossed sites and show that the circled sites make a nearest-neighbour
Ising model with constants K̃x and K̃y.

(ii) Second transformation: horizontal bond moving
After the first transformation, the lattice had elementary cells a × na. To recover a
square cell, one repeats the previous bond moving after exchange of the x and y axes.

1. Show that after these two transformations one recovers an Ising model with
constants K ′

x and K ′
y related to Kx and Ky.

2. Show on a graph that the relation Kx → K ′
x possesses fixed points and identify the

critical one.
3. The procedure is in fact non-symmetric with respect to the two directions: even if

Kx = Ky, it yields K ′
x 
= K ′

y . To restore the symmetry, one continues the relations
to non-integer values of n and studies the limit in which n approaches one. Writing

n = 1+ ε
one has

K ′
x = Kx + ε�x + O(ε2) and K ′

y = Ky + ε�y + O(ε2).

Determine �x and �y in terms of Kx and Ky and verify that if Kx = Ky the
(x,y) symmetry is restored.
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4. If one restricts the problem to Kx = Ky, show that the exact critical temperature
of the two-dimensional Ising model is a fixed point of the relations found in the
previous question.

5. Find from these same relations an approximate value for the correlation length
exponent ν.

10.4 Structure of the renormalization group equations

Before we return to field theory with explicit methods for deriving the renormal-
ization group equations, it is worth examining abstractly the consequences of these
scale transformations. Let us imagine that, through a decimation, block spin, or any
similar method, one multiplies the basic length scale a by a factor l > 1: a → la;
the number of sites in d dimensions is divided by N , giving N/ ld . The constants
of interaction that we had introduced are denoted J1, . . . , Jp (neighbours, next-
nearest neighbours, four-spin interactions, etc.). Assume that we know how these
parameters transform under the rescaling

a → la, ξ → ξ/a, N → N/ ld, Jα → J ′α = fα(J1, · · · , Jp). (10.27)

The correlation length is infinite at a fixed point J �α of this transformation, and
we assume again that the transformation is not singular near the fixed point. In its
vicinity one may thus expand and write the linearized relation

J ′α − Jα =
∑
β

Mαβ(l)(Jβ − J �β ), (10.28)

in which

Mαβ(l) = ∂ fα
∂ Jβ

∣∣∣∣
J �
. (10.29)

This matrix is not necessarily symmetric but we assume that it has a spectrum

p∑
β=1

x (i)β Mβα = λ(i)x (i)α . (10.30)

The linear combination of interaction terms

K (i) =
p∑

α=1

x (i)α (Jα − J �α ) (10.31)

thus satisfies a simple evolution law under dilatation

K ′(i) = λ(i)(l)K (i). (10.32)
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The dilatations satisfy the obvious composition rule

M(l1l2) = M(l1)M(l2), (10.33)

which goes over to eigenvalues. Therefore, one can define the exponents yi as

λ(i)(l) = l yi . (10.34)

Although there is no a priori reason that guarantees that the λ(i) are real, in cases
of interest here they are real. We must then distinguish three classes of interac-
tion K (i):

• Interactions with negative yi : they are irrelevant. Indeed, the iteration of the transfor-
mation drives them to zero. The large distance behaviour will not depend upon these
variables. We can keep them, or set the corresponding K (i) to zero; it does not matter,
they have no effect on the critical behaviour.

• Interactions with positive yi : they are relevant. The corresponding K (i) increase during
the iteration and, unless these relevant variables are set to zero, they drive the trajectories
out of the critical region.

• Interactions with yi = 0: they are called marginal. Their influence cannot be determined
by the linearized transformations that we have considered.

The critical manifold (Fig. 10.6) in the p-dimensional space of interactions that we
have considered is defined by setting to zero the k relevant (and marginal if any)
variables. It has thus the dimension (p−k). On this manifold the iteration, reduced
now to the (p − k) irrelevant variables, leads to the origin, i.e., the fixed point.
For any point on this critical surface, the correlation length is infinite. Outside of
the linearized domain that we have considered, the critical manifold is the basin of
attraction of the fixed point.

Relevant

Fixed point

Irrelevant
Critical surface

Irrelevant

Figure 10.6 The critical surface, fixed points, relevant and irrelevant variables
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However, in the directions defined by the eigenvectors with positive yi , the fixed
point is repulsive. The correlation length decreases when one iterates in such direc-
tions, one moves away from criticality. Therefore, unless the k relevant variables
are fixed to zero, the behaviour of the system is not critical: the correlation length
remains finite.

What can one say in a spin model, such as Ising? We know that it is sufficient
to fix two parameters of the interaction to a specified value to find a critical point;
indeed the two parameters are

J1 = βh J2 = β J. (10.35)

The critical values are J1 = 0, J2 = J/kTc. So even if the renormalization group
transformation forces us to introduce p parameters instead of two, we know a priori
that there can only be two relevant directions and a critical surface of dimension
(p− 2). Indeed, if we had a third relevant variable among the p that we consider it
would mean that a third physical quantity would have to be fixed to some specified
value, to get a critical point: it would not be sufficient to set h = 0, T = Tc.

There are more complicated structures in nature with three relevant variables
instead of two. For instance ternary mixtures may exhibit a tricritical point at
some temperature and for two special composition ratios (three variables). This
discussion may easily be carried over to such cases.

For an Ising-like model with Z2 symmetry, the two relevant linear combinations
are respectively even and odd under the group. The odd one is called magnetic (as
in the coupling βhσ ); the even one is called thermal (as in β Jσiσ j ). Let us call
the two corresponding relevant K (i), h and t which both vanish at Tc; therefore,
t ∼ (T − Tc). The corresponding exponents are called yh and yT . We thus have the
homogeneous scaling relation

ξ(hl yh , tl yT ) = ξ(h, t)

l
. (10.36)

For the free energy per site, the scaling relation is inhomogeneous, as may be seen
in the decimation example (10.18)

f (h, t) = f (hl yh , tl yT )

ld
+ g(h, t) (10.37)

(since the number of sites is divided by ld in the rescaling). The additional con-
stant g(h, t) is a non-universal non-singular function in the critical domain, since
it involves only a local elimination of degrees of freedom. It does not contribute to
the singular part of the free energy.

All the scaling laws and exponents defined in Chapter 7 follow from these
relations. For instance, if we set h = 0 one finds (the reader should verify)
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ν = 1

yT
(10.38)

and after taking a derivative of (10.37) with respect to h

γ

ν
= d − 2yh. (10.39)

Summary

The renormalization group equations determine, whenever one can write the effect
of a dilatation conveniently, the fixed points and the critical surface. The linearized
flow near the fixed point allows one to compute the critical exponents. The only
thing that we have not done yet is to construct explicitly these renormalization
group transformations. To do it, beyond the hand waving of this chapter, we have
to return to field theory.
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Renormalization group for the ϕ4 theory

Before moving on to the renormalized theory let us start in a more elementary way.
We begin with the Boltzmann weight e−A, with

A{ϕ} =
∫

dd x

{
1

2
( 	∇ϕ)2 + 1

2
r0ϕ

2 + g0

4! ϕ
4

}
(11.1)

and remember that there is an underlying short-distance cut-off, such as a lattice
spacing. For simplicity, we begin with an n = 1 order parameter, and deal with
n > 1 in Section 11.4.

In Chapter 8 we have computed the first correction to the mean-field free energy

�(1){m} =
∫

ddr

{
1

2
(∇m)2 + 1

2
r0(T )m

2 + g0

4!m
4

}
+ 1

2
Tr log K, (11.2)

with

K (x, y) = δ(x − y)

(
−∇2 + r0 + 1

2
g0m2(x)

)
. (11.3)

This reduces, for a uniform field h(x) = h and hence m(x) = m, to a free energy
per unit volume

γ (1)(m) = 1

2
r0(T )m

2 + g0

4!m
4 + 1

2

∫
ddq

(2π)d
log

(
r0 + 1

2 g0m2 + 	q2

r0 + 	q2

)
, (11.4)

where a constant has been subtracted so that γ (1)(m) vanishes with m. I have argued
earlier that this expansion was useless near Tc. However, we shall see that it pro-
vides a method of computing the renormalization group trajectories under a change
of scale.

Let us show that a change of scale, a → la, or rather here a → λ−1a (λ < 1)
(and thus for the UV cut-off � → λ�), can be accompanied by a modification
of the parameters r0 and g0, which enter into A, while the physical content of the
theory remains invariant.

113
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11.1 Renormalization group . . . without renormalization

One can work with the theory as it is: the logic is simple, but the calculations are
slightly more cumbersome than if we used the full machinery of renormalization
theory.

Susceptibility

The magnetic susceptibility in zero field, above Tc, is

r = χ−1 = ∂2γ (m)

∂m2

∣∣∣∣
m=0

. (11.5)

Without fluctuations, r was just equal to r0 and the critical temperature, defined
as the value for which χ diverges, was defined by r0(Tc) = 0.

With fluctuations,

r = r0 + g0

2

∫
ddq

(2π)d
1

q2 + r0
, (11.6)

and χ diverges for a different value of r0, given by

0 = rc
0 +

g0

2

∫
ddq

(2π)d
1

q2 + rc
0

. (11.7)

In the logic of perturbation theory, we can invert these relations as

r0 = r − g0

2

∫
ddq

(2π)d
1

q2 + r
, (11.8)

rc
0 = −

g0

2

∫
ddq

(2π)d
1

q2
. (11.9)

Subtracting the two, we obtain

t = r0 − rc
0 = r

{
1+ g0

2

∫
ddq

(2π)d
1

q2(q2 + r)

}
. (11.10)

We have seen earlier that in the critical limit r → 0 the last integral blows up
in the infrared (i.e., small q) for d ≤ 4. The divergence is only logarithmic in four
dimensions, more severe below four. So we begin with d = 4 and examine d < 4
in Section 11.5. There,∫

d4q

(2π)4
1

q2(q2 + r)
= 2π2

(2π)4

∫ �

0

q3dq

q2(q2 + r)
� 2π2

(2π)4
log

�√
r
, (11.11)

i.e.,

t = r

{
1+ g0

2

2π2

(2π)4
log

�√
r

}
. (11.12)
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Coupling constant

Similarly, the fourth derivative of γ (m) at m = 0 was g0 in mean field theory, but
this non-linear susceptibility becomes here

g = ∂4γ (m)

∂m4

∣∣∣∣
m=0

= g0 − 3g2
0

2

∫
d4q

(2π)4
1

(q2 + r0)2
. (11.13)

This can also be perturbatively inverted:

g0 = g + 3g2

2

∫
d4q

(2π)4
1

(q2 + r)2

� g + 3g2

2

2π2

(2π)4
log

�√
r
, (11.14)

in which we have used �2 � r . In the same logic, we replace (11.12) with

t = r

{
1+ g

2

2π2

(2π)4
log

�√
r

}
. (11.15)

Renormalization group flow

We are now in a position to examine how a change of the parameters that entered
the initial weight e−A, when we rescale �, namely r0 and g0, may lead to the same
physics. The physics is the free energy, not A; the derivatives of the free energy,
such as r and g, are physically measurable quantities, whereas r0 and g0 are mere
parameters to describe the microscopic interactions.

We are thus looking for a change of the microscopic parameters r0, g0 to
r0(λ), g0(λ), when the (inverse) length scale goes from � to λ�, while the phys-
ical parameters, such as r and g, remain invariant: several ‘microscopic models’
at different length scales thus provide the same physics. The explicit expressions
(11.14, 11.15) make this very simple:

g0(λ) = g + 3g2

2

2π2

(2π)4
log

λ�√
r

= g0 + 3g2
0

2

2π2

(2π)4
log λ, (11.16)

in which again we have used the freedom to replace g by g0, the error being of
higher order.

Similarly,

t (λ) = r

{
1+ g

2

2π2

(2π)4
log

λ�√
r

}
= t

{
1+ g0

2

2π2

(2π)4
log λ

}
(11.17)

(using the same freedom).
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It is customary to express the flow equations (11.16, 11.17) in a differential form:

λ
dg0

dλ
= β(g0) = 2π2

(2π)4
3

2
g2

0 + O(g3
0). (11.18)

It is thus simpler to redefine g0 to get rid of the ubiquitous factor 2π2

(2π)4
and write

g̃0 = 2π2

(2π)4
g0. (11.19)

Then

λ
dg̃0

dλ
= β(g̃0) = 3

2
g̃2

0 + O(g̃3
0). (11.20)

Similarly, from (11.17),

λ
dt

dλ
= tκ(g̃0), (11.21)

with

κ(g0) = 1

2
g̃0 + O(g̃2

0). (11.22)

(From now on we drop the tilde, g̃0 → g0.)
We have seen that perturbation theory was meaningless if we tried to extract the

critical behaviour from it. Nevertheless one can use it to study the renormalization
group flow. We shall see that this flow provides the non-perturbative solution to the
problem.

11.2 Study of the renormalization group flow in dimension four

We now want to study a limit in which the rescaling l = 1/λ is large, i.e., λ→ 0.
Let us look in general to the equation (11.20) for an arbitrary right-hand side β(g0):

dg0

β(g0)
= d log λ. (11.23)

This shows that:

1. Whenever β(g0) is positive, g0 decreases when λ decreases.
2. However, if β(g0) is negative, g0 increases when λ decreases.
3. Consequently, when λ → 0, g0(λ) tends to an infrared fixed point, i.e., a point g�0, at

which

β(g�0) = 0, with β ′(g�0) > 0. (11.24)

4. The origin is a fixed point, since β(0) = 0, but β ′(0) also vanishes: we are in the situa-
tion of a marginal variable, examined in the previous chapter: a linearization around the
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fixed point is not sufficient. However, for small g0, the equation (11.20) is elementary
and shows that the origin is indeed an infrared attractor, since

g0(λ) � 2

3

1

log 1/λ
. (11.25)

Let us also write (11.17) in differential form:

λ
dt

dλ
= t (λ)κ[g0(λ)] (11.26)

with

κ(g0) = 1

2
g0 + O(g2

0), (11.27)

which gives

t (λ) = te
∫ λ

1
dμ
μ
κ[g0(μ)]. (11.28)

If there is an infrared fixed point at a finite g�0 then, when λ→ 0,∫ λ

1

dμ

μ
κ[g0(μ)] ∼ κ[g�0]

∫ λ

1

dμ

μ
, (11.29)

and, in the limit of small λ, one has

t (λ) ∼ tλκ(g
�
0). (11.30)

However, for the case under consideration here of a fixed point at the origin, it is
useful to write

dμ

μ
= dg0

β(g0)
(11.31)

and thus we change variable from μ to g0(μ),∫ λ

1

dμ

μ
κ[g0(μ)] =

∫ g0(λ)

g0

κ(g)

β(g)
dg. (11.32)

Since here κ
β
= 1

3g (1+ O(g)),∫ g0(λ)

g0

κ(g)

β(g)
dg ∼ 1

3
log

g0(λ)

g0
(11.33)

and finally, for small λ

t (λ) ∼ t (log 1/λ)−1/3. (11.34)
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11.3 Critical behaviour of the susceptibility in dimension four

Let us recall the problem that we encountered when we tried perturbation theory.
At the lowest order (mean field), we found

χ−1 ∼ t. (11.35)

At the next order we had

χ−1 ∼ t

(
1− 1

2
g0 log�

/√
t

)
. (11.36)

The alleged ‘correction’ was divergent, and the next term would have given a log2,
and so on.

In the previous section, we have used perturbation theory not to compute χ , but
to determine the renormalization group flow equations for small coupling. We have
found that the physical quantities, such as the susceptibility, were invariant when
we changed � to λ� (i.e., a → a/λ), provided we replaced g0 and t by g0(λ)

and t (λ):

χ−1(t, g0,�) = χ−1(t (λ), g0(λ), λ�). (11.37)

Remark
We have not taken into account the renormalization of the order parameter itself,
since it begins only at next order (two-loop order), and all our calculations are
limited here to one loop. If we went further, but as we shall see it is not necessary
here, we should include a rescaling of the order parameter.

We now add to this an ordinary dimensional analysis, in which we take as
unit an inverse length such as �. In these units [χ−1] = 2, [t] = 2, [g0] = 0.
Consequently,

χ−1(t (λ), g0(λ), λ�) = λ2χ−1

(
t (λ)

λ2
, g0(λ),�

)
. (11.38)

This equation is completely trivial, contrary to (11.37), which contains the essence
of the renormalization group flow.

Combining the two equations, we find

χ−1(t, g0,�) = λ2χ−1

(
t (λ)

λ2
, g0(λ),�

)
. (11.39)

The problem we had with perturbation theory came from the domain in which
t → 0 in the scale�2, in which it became meaningless. Let us use the arbitrariness
of the dilatation parameter λ to go in the r.h.s. of (11.39) to a domain in which t (λ)

λ2

remains finite in the same scale, �2. For instance, we chose the dilatation λ = λ∗

so that
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t (λ)

(λ∗�)2
= 1, (11.40)

which is the equation that we are going to solve for λ∗, and show that indeed λ∗

fixed by this condition goes to zero in the critical domain.
Once this is done, (11.39) will take the form

χ−1(t, g0,�) = (λ∗)2χ−1(�2, g0(λ
∗),�). (11.41)

Assume again that λ∗ is going to zero; then χ−1(�2, g0(λ
∗),�) is very simple:

its ratio t/�2, which led to the breakdown of perturbation theory is equal to one;
the coupling constant is small. We have thus achieved a dual goal: while moving
away under dilatation from the critical region in which perturbation theory failed,
we have generated at the same time a small coupling constant at the new scale.
Perturbation theory is now perfectly legitimate and, returning to (11.36), we see
that

χ−1(�2, g0(λ
∗),�) = �2

(
1+ O

(
1

log 1/λ∗

))
. (11.42)

We have assumed, but not yet shown, that λ∗ → 0. Let us assume it again and
show that it is consistent: we have found in (11.34) that t (λ) ∼ t (log 1/λ)−1/3.
Then (11.40) yields

(λ∗)2(log 1/λ∗)1/3 = t

�2
, (11.43)

whose solution is asymptotically (i.e., for t much smaller than �2)

(λ∗)2 = t

�2

2

(log t/�2)1/3
. (11.44)

Returning to (11.41) and (11.42) we end up with

χ−1(t, g0,�) �t→0 Ct (log t/�2)−1/3, (11.45)

a result that would have been difficult to guess with perturbation theory!
The final result (11.45) is universal; it does not depend on how we put the cut-

off, it does not depend on g0, which was a priori marginal, but finally was driven
as an inverse logarithm to zero.

We have used perturbation theory to compute the first loop contribution to the
renormalization group flow. What would have happened if we had computed higher
orders? Nothing, if the coupling constant remains in the domain of attraction of the
origin g0 = 0. Are there other fixed points? This is a non-perturbative question.
Numerical simulations (Monte-Carlo method) for four-dimensional models have
never found a fixed point other than the origin.
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Of course, there is no way to do an experiment in four space dimensions.
However, Larkin and Khmel’nitskii showed in 1969 that uniaxial dipolar ferro-
magnets with strong dipole–dipole interactions (which are long range) should
exhibit in three dimensions the same behaviour as this four-dimensional model with
short-range interactions.1 This has given rise to very precise experimental tests;2

G. Ahlers and co-workers have worked with the dipolar Ising ferromagnet LiT bF4

(i.e., with one direction of easy magnetization); the Curie temperature Tc � 2.9 K.
They have measured the specific heat near Tc. Landau theory predicts a disconti-
nuity at Tc, whereas the renormalization group predicts, for the two sides of Tc:

C± = A±(log 1/|t |)p, with p = 1

3
and

A+
A−

= 1

4
, (11.46)

with t = (T −Tc)/Tc. The experiment does show a weak divergence of the specific
heat at Tc, and is fitted with a power of the logarithm p = 0.34± 0.03; the ampli-
tude ratio is found to be A+/A− = 0.24± 0.01. The agreement with the theory is
impressive and one should note that here, since the fixed point is at the origin, the
theory does not involve any approximation procedure, such as epsilon expansion or
anything: it is a pure test of the renormalization group ideas. This is, in fact, very
similar in spirit to the tests of quantum chromodynamics, based on logarithmic
deviations to scaling at high energy.

11.4 Multi-component order parameters

The method that was exposed in Chapter 9, which led to the loop expansion of the
free energy (9.15), is known as the background field method. It is particularly well
suited to problems with more complex symmetries than Z2.

Let us briefly see what would happen if we had an n-component field with O(n)
symmetry. If we had used Feynman diagrams, instead of the method exposed here,
we would have to follow with care the flow of internal indices in the diagram, given
that the interaction terms are

∑
αβ ϕαϕαϕβϕβ and the propagator is proportional

to δαβ .
In the method that we have chosen, we have

A{ϕ}−
∫

ddr h(	r) · ϕ(	r) = A{ϕ̂} −
∫

ddr h(	r) · ϕ̂(	r)

+ 1

2

∫
ddrdds ψα(	r) δ2 A

δϕα(	r)δϕβ(	s)
∣∣∣∣
ϕ̂

ψβ(	s)+ O(ψ3).

(11.47)

1 A. I. Larkin and D. E. Khmel’nitskii, Zh. Eksp. Teor. Fiz., 56 (1969) 2087 [Sov. Phys. JETP, 29 (1969) 1123].
See also E. Brézin and J. Zinn-Justin, Phys. Rev., B, 13 (1976) 251.

2 G. Ahlers, A. Kornblit and H. Guggenheim, Phys. Rev. Lett., 34 (1975) 1227.
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Then, since
δA

δϕα(	r) =
(
−∇2 + r0 + g0

6
	ϕ2
)
ϕα, (11.48)

the second derivative of A is given by the kernel

Kα,β(	r , 	s) = δ2 A

δϕα(	r)δϕβ(	s)
∣∣∣∣
ϕ̂

= δ(	r − 	s)
(
−∇2 + r0 + g0

6
	ϕ2
)
δαβ + g0

3
ϕαϕβ

∣∣∣
ϕ=m

. (11.49)

As earlier, the diagonalization is done by splitting the longitudinal and trans-
verse directions to the vector mα = meα in which e is the unit vector along the
magnetization. This is done as follows:

Kα,β(	r , 	s) = δ(	r − 	s)
(
−∇2 + r0 + g0

6
m2
)
(δαβ − eαeβ)

+ δ(	r − 	s)
(
−∇2 + r0 + g0

2
m2
)

eαeβ. (11.50)

As far as the internal space is concerned, we have one longitudinal kernel,

KL(	r , 	s) = δ(	r − 	s)
(
−∇2 + r0 + g0

2
m2
)
, (11.51)

and an (n− 1)-fold degenerate transverse kernel,

KT(	r , 	s) = δ(	r − 	s)
(
−∇2 + r0 + g0

6
m2
)
. (11.52)

Therefore, the formula (11.4), for a uniform magnetization m, becomes

Tr log K = V

(2π)d

∫
ddq log

(
r0 + g0

2
m2 + 	q2

)
+ (n − 1)

V

(2π)d

∫
ddq log

(
r0 + g0

6
m2 + 	q2

)
. (11.53)

The equation (11.13) is thus replaced by

g = g0 − 3g2
0

2

∫
ddq

(2π)d
1

(q2 + r0)2
− (n − 1)

g2
0

3

∫
ddq

(2π)d
1

(q2 + r0)2
. (11.54)

The four-dimensional flow equation (11.45) is replaced by

g0(λ) = g0 + g2
0

(
3

2
+ (n − 1)

3

)
2π2

(2π)4
log λ (11.55)

and thus the beta function becomes

β(g0) = 2π2

(2π)4
n + 8

6
g2

0 + O(g3
0). (11.56)
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Similarly, for the flow of temperature, one finds

t (λ) = t

{
1+ g0

n + 2

6

2π2

(2π)4
log λ

}
. (11.57)

We can thus repeat for the n-component order parameter every step that we had
done before for n = 1.

Remark
Up to now, we have used the free energy functional (11.2) only for a uniform order
parameter m(x) = m. However, the full free energy functional �{m} is in fact a
generating function for all the irreducible correlation functions

�(k)(x1, . . . , xk) = δ

δm(x1)
· · · δ

δm(xk)
�{m}. (11.58)

The name irreducible comes from the fact that in perturbation theory the functions
are represented by diagrams that cannot be split into two pieces by cutting along
one single line. In particular, for k = 2, �(2)(x, y) is the inverse (as operator) of
the two-point correlation function.

11.5 Epsilon expansion

In dimensions other than four, the coupling constant is not dimensionless. Since
A{ϕ} is dimensionless (the Boltzmann weight is e−A),

A{ϕ} =
∫

ddr

{
1

2
(∇ϕ)2 + 1

2
r(T )ϕ2 + g0

4! ϕ
4

}
(11.59)

in a system of units in which a length has dimension −1, one sees that the dimen-
sion of ϕ = 1

2(d − 2) and thus [g0] = 4 − d. Therefore, we will extract this
dimension to work with a dimensionless coupling constant, and for doing that we
have to examine the main length scales of the problem: we have a the lattice spac-
ing and ξ the correlation length. But g0 is microscopic, it is just related to the spin
distribution at one site, therefore, it cannot depend on a length such as ξ , which
results from the spin correlations. Therefore, its dimension is given by a or, here,
its inverse �: we thus change

g0 → �εg0, (11.60)

in which ε = 4− d and the new g0 is dimensionless.
For reasons that will be transparent further, we shall assume that we expand

both in powers of g0 and ε, the two being of the same order of magnitude. There-
fore, wherever we neglected g2

0 we can also neglect g0ε. Returning to our previous
equation (11.14), nothing is changed except the new scale in the l.h.s.:
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�εg0 = g + 3g2

2

∫
ddq

(2π)d
1

(q2 + r)2

� g + 3g2

2
Kd log

�√
r
, (11.61)

in which Kd is the ‘area’ of the unit sphere in dimension d, divided by (2π)d ,

Kd = 2πd/2

�(d/2)(2π)d
. (11.62)

This factor is now absorbed into a redefinition of g0 and g:

g0 Kd → g0 gKd → g. (11.63)

If we change the scale � → λ� as before, i.e., by fixing the physical parameters
of the free energy g, r , we have one new term in the l.h.s., namely

�ε = 1+ ε log�+ O(ε2), (11.64)

then (11.61) becomes

λε�εg0(λ) = g + 3g2

2
log

λ�√
r

� g0�
ε + 3g2

0

2
log λ. (11.65)

Neglecting terms of order g0ε
2, this gives

g0(λ) = g0(1− ε log λ)+ 3g2
0

2
log λ, (11.66)

and thus

β(g0) = λdg0

dλ
= −εg0 + 3g2

0

2
log λ+ O(g3

0, g2
0ε, g0ε

2) (11.67)

and for n components one would find instead (a simple recommended exercise)

β(g0) = λdg0

dλ
= −εg0 + (n + 8)

6
g2

0 + O(g3
0, g2

0ε, g0ε
2). (11.68)

The infrared fixed point (at which the derivative of beta is positive) has moved
away from the origin and is now

g�0 =
6

n + 8
ε + O(ε2), (11.69)

justifying the fact that we treated g0 and ε as small parameters of the same order.
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This is the basis of the Wilson–Fisher epsilon expansion.3 Let us examine the
consequences of this new flow. For instance, the correlation length ξ , a physically
calculable quantity in terms of g and r , which have been kept fixed, satisfies

ξ(g0, t,�) = ξ(g0(λ), t (λ), λ�) = 1

λ
ξ(g0(λ), t (λ)/λ2,�), (11.70)

where we have used the renormalization group, followed by elementary dimen-
sional analysis.

As done earlier in four dimensions, we use a dilatation λ → 0, so that the
dimensionless ratio t (λ)/(�λ)2 is not small and we fix it to a finite number, for
instance, we choose λ so that

t (λ∗)
(λ∗�)2

= 1. (11.71)

This, if λ∗ is small (and we shall verify it soon) drives g0(λ
∗) to the infrared fixed

point (11.69) and we have seen in (11.30) that

t (λ∗) ∼ (λ∗)κ(g�0)t. (11.72)

This gives

λ∗ =
(

t

�2

) 1
2−κ(g�0)

, (11.73)

which is indeed small in the critical region. We have thus

ξ(g0, t,�) = 1

λ∗
ξ(g�0,�

2,�) ∼
(

t

�2

)− 1
2−κ(g�0)

. (11.74)

This shows that the exponent ν is given by

ν = 1

2− κ(g�0)
, (11.75)

and taking the function κ that we calculated earlier,

κ(g0) = 1

2
g0 + O(g2

0), (11.76)

for n = 1 and for arbitrary n,

κ(g0) = n + 2

6
g0 + O(g2

0), (11.77)

we have

κ(g�0) =
n + 2

n + 8
ε + O(ε2), (11.78)

3 K. G. Wilson and M. E. Fisher, Critical exponents in 3.99 dimensions, Phys. Rev. Lett., 28 (1972) 240.
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and thus

ν = 1

2
+ n + 2

4(n + 8)
ε + O(ε2). (11.79)

For n = 1 and ε = 1 (three dimensions) this gives ν � 0.58, a better result than
the mean field result 0.5, but still not the experimental (numerical) value 0.63.

These calculations can be pushed to higher orders in ε, but it is much easier at
higher orders to use the renormalized massless theory. The calculations have been
made up to order ε5, a hard job. The results taken merely by setting ε = 1 are use-
less, in the sense that the inclusion of the order ε2 gives a value closer to 0.63, but
the next terms are larger and larger, with alternating signs, revealing an asymptotic
but divergent series, and one cannot use the expansion without fancier numerical
methods. The simplest is a Padé approximant, but there are very elaborate meth-
ods,4 which give the exponents with an accuracy of 10−3. Such methods are able to
transform the divergent series into a seemingly convergent algorithm; thus if one
needed a more accurate value from the theory, assuming that experiments deter-
mine the exponents with an accuracy better than 10−3, then we would have to
calculate one more term in the ε expansion, painful but not an a priori obstacle.
The situation is similar to that of accurate calculations in quantum electrodynamics,
such as the magnetic moment of the electrons.

11.6 An exercise on the renormalization group: the cubic fixed point

To illustrate the structure of the renormalization group approach in other situations,
let us examine the influence of a cubic anisotropy, i.e., of an additional coupling
for an n-component order parameter ϕa , of the form

∑n
1 ϕ

4
a . Such a term breaks the

O(n) symmetry down to the permutation group H plus the symmetry ϕa → −ϕa ,
i.e., Zn

2 × Sn . The Boltzmann weight in this case is

A{ϕ} =
∫

dd x

{
1

2
(∇ 	ϕ)2 + 1

2
r0 	ϕ2 + u0

4! ( 	ϕ
2)2 + v0

4!
n∑
1

ϕ4
a

}
. (11.80)

At mean field level, the magnetization is related to the (uniform) applied field by

ha = r0ma + u0

6
	m2ma + v0

6
m3

a (11.81)

and, if the field vanishes, either ma = 0 or

r0 + u0 	m2 + v0

6
m2

a = 0. (11.82)

4 J. C. Le Guillou and J. Zinn-Justin, J. Physique Lett., 46 (1985) L137.
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In the region of spontaneous symmetry breaking (r < 0), note that all the non-
vanishing components of 	m are equal or opposite, according to the sign of the
components of 	h, which we choose to let go to zero by positive values. It is left to
the reader to verify that the free energy is minimum if all the components of the
magnetization are non-zero; therefore the mean-field spontaneous magnetization is

ma = m	e (11.83)

in which 	e is the unit vector

	e = 1√
n
(1, . . . , 1) (11.84)

and

m2 = − 6r0

u0 + v0/n
. (11.85)

The calculation of the one-loop fluctuations follows the same lines:

Kab(	r , 	s) = δ2 A

δϕa(	r)δϕb(	s)
= δ(	r − 	s)

(
−∇2 + r0 + u0

6
	ϕ2
)
δab + u0

3
ϕaϕb + v0

2
δabϕ

2
a (11.86)

and for a constant magnetization one can collect the terms of degree four in ϕ in
Tr log K. The relation (11.13) is now replaced by a pair of equations

u = u0 −
(

n + 8

6
u2

0 + u0v0

)∫
d4q

(2π)4
1

(q2 + r0)2
(11.87)

and

v = v0 −
(

3

2
v2

0 + 2u0v0

)∫
d4q

(2π)4
1

(q2 + r0)2
. (11.88)

We then obtain two beta functions in dimension 4− ε, replacing (11.68), namely

βu(u0, v0) = λdu0

dλ
= −εu0 + (n + 8)

6
u2

0 + u0v0, (11.89)

βv(u0, v0) = λdv0

dλ
= −εv0 + 3

2
v2

0 + 2u0v0, (11.90)

in which we have neglected all cubic terms. There are three types of non-vanishing
fixed points, at which both beta functions vanish:

(a) v�0 = 0, u�0 = 6ε/(n + 8)+ O(ε2);
clearly one is back to the O(n) vector model without cubic anisotropy,

(b) u�0 = 0, v�0 = 2ε/3+ O(ε2);
in which the n components of ϕa are decoupled and lead to the n= 1 critical behaviour.
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(c) u�0 = 2ε/n, v�0 = 2
3 (1− 4/n)ε;

the new ‘cubic’ fixed point.

Which of these three fixed points is physically relevant? In the long-distance
limit one flows to an infrared attractor, which corresponded to a positive derivative
of the beta function at the fixed point, for the case of a single coupling constant. In
the case of several coupling constants gα, the flow near a fixed point g�α is given by

λ
d

dλ
(gα − g�α) � Mαβ(gα − g�α),

in which

Mab = ∂βa

∂gb

∣∣∣∣
g�

and the fixed point is an infrared attractor if the eigenvalues of the matrix M
are non-negative (or have a non-negative real part if they are complex). For this
problem, the matrix M is given by

M =
( −ε + n+8

3 u0 + v0 u0

2v0 −ε + 2u0 + 3v0

)
. (11.91)

At the O(n)-symmetric fixed point the eigenvalues are (ε, 4−n
n+8ε); at the decoupled

fixed point they are (−ε/3, ε); at the cubic fixed point they are (ε, ε(n − 4)/3n).
Finally: as long as n < 4 + O(ε), the stable fixed point is the O(n)-symmetric

fixed point. However, if n > 4+O(ε), the cubic fixed point is stable and the critical
behaviour is governed by a new set of critical exponents.5

Conclusion

The renormalization group has provided a complete theory of critical phenom-
ena; it has explained universality and the scaling laws, and it has led to accurate
calculations of the universal physical quantities.

5 In fact any additional coupling breaking the O(n)-symmetry is irrelevant for n < 4+ O(ε), but it destabilizes
the O(n)-symmetric fixed point for n > 4: E. Brézin, J. C. Le Guillou and J. Zinn-Justin, Phys. Rev. B, 10
(1974) 892.
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Renormalized theory

The approach of Chapter 11, in which we have kept a large momentum or
short-distance cut-off, is sufficient for the needs of computing the various univer-
sal indices and functions that characterize criticality. All calculations were made
in the limit in which the ratio ξ/a of the correlation length ξ to the lattice spac-
ing a is large. In the previous chapters, this was done by keeping a fixed and
increasing ξ .

The renormalized theory relies on the opposite strategy: it deals directly with the
scaling theory in which one takes the limit of a vanishingly small a. I have included
here a chapter on the renormalized theory for several reasons:

• There is no ultraviolet (or lattice) cut-off any more and, getting rid of one dimensionful
parameter considerably simplifies the integrations, especially at higher orders.

• All the critical exponents and scaling functions can be computed at Tc, i.e., in a massless
theory, even when one considers temperature-dependent laws, such as those concern-
ing the correlation length, the magnetic susceptibility or the spontaneous magnetization.
Integrals in a massless theory without cut-off are by far simpler, and they are often given
by mere dimensional analysis.

• However, the main reason is to understand the meaning of renormalizability from the
viewpoint both of critical phenomena and of high-energy physics. This will be done in
the following section.

12.1 The meaning of renormalizability

Renormalization theory was discovered for the needs of particle physics. Let us
briefly recall the main points for a quantum field theory, such as quantum elec-
trodynamics (QED). The early realization of the occurrence of divergences due
to quantum fluctuations led to the necessity of ‘regularizing’ the theory, i.e., to
the introduction of a cut-off, � = a−1. Then it was shown that, provided one
traded the bare parameters m0 and e0, the mass and charge of the electron, with the

128
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observed physical ones, as well as a change of the normalizations of the matter field
and electromagnetic field, then the limit of all the physically measurable quantities
existed if one let a go to zero: the theory is thus ‘renormalizable’. This is true order
by order in perturbation theory. However, this applied provided one dealt with one
special well-defined Lagrangian, the one in which the ‘minimal’ coupling between
the matter field and the electromagnetic field is induced by the replacement of the
operator momentum of the electron pμ by pμ − eAμ. Terms of higher degree in
the fields, even if gauge invariant, such as a coupling between the spin-current
to the electromagnetic field, would destroy the existence of this limit, namely the
renormalizability.

If we remain with scalar fields, as was the case earlier in this book, the same
is true of the ϕ4 theory: shifting the bare Landau parameters r0 and g0 to the
physically measurable ones r and g, and rescaling the field

ϕ→ ϕ = √ZϕR (12.1)

allows one (up to four dimensions) to go to the limit in which ξ/a is infinite by
letting a → 0. However, this procedure is a priori not consistent with the point
of view that we have followed up to now: we have started with a Landau func-
tional of ϕ, which had no reason to be a polynomial of degree four. If we added
a g6ϕ

6 term, for instance, would that destroy renormalizability? Traditionally, the
answer is indeed that a ϕ6 (as well as any other higher degree term) completely
spoils renormalizability in dimension four: indeed, simple power-counting argu-
ments show that the degree of divergence increases with the order in the expansion
in powers of the fluctuations. The ‘elimination’ of divergences thus requires the
introduction of new parameters at each order and there is no theory any more. This
seems to contradict completely the viewpoint that was developed earlier, in which
terms of higher degree did not matter, and let us wonder why the scaling limit exists
in spite of these higher terms.

There are two ways of understanding why those higher degree non-
renormalizable terms do not matter:

• One follows the renormalization group flow, including the terms of higher degree, and
one shows that they are irrelevant: i.e., whatever values the parameters, such as g6 here,
have initially, they flow to the fixed point when a becomes vanishingly small, namely
r = 0 (or T = Tc), g = g� (zero in dimension four, proportional to ε in dimension
d = 4 − ε) and g�6 = 0. Non-renormalizable terms have no effect when a goes to zero.
This route was first introduced in the revolutionary article that followed K. Wilson’s
lectures in 1971–721 and developed as a full theory of renormalization by Polchinski.2

1 K. G. Wilson and J. Kogut, The renormalization group, Phys. Rep., 12c (1974) 75.
2 J. Polchinski, Nucl. Phys. B, 231 (1984) 269.
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• Another way of looking at this irrelevance is as follows. Let us return to dimensional
analysis; in the system of units in which [momentum = 1], [length = −1], we know that
[ϕ] = (d − 2)/2 = 1 in four dimensions, and thus, for the coefficient of ϕ6, one finds
[g6] = 3(d − 2)− d , namely dimension two when d = 4. In the unrenormalized theory,
the parameter g6 is of microscopic origin; it results from some coarse-grained Hamilto-
nian. Therefore, its dimension is related to the lattice spacing and not to the correlation
length, which results from the full theory. In other words, the parameter g6 should be
taken as proportional to�−2 = a2 multiplied by some dimensionless coupling constant,
which we rename again g6. We are thus really looking at the large � limit of a ϕ4 cut-
off theory with an additional interaction, 1

�2 g6ϕ
6. It is then not difficult to examine the

effect of this additional term as a perturbation: when � is large, its effect is simply to
modify the value of the previous parameters r0 and g0 (as well as the normalization of
the field). But since these parameters have already been included, and since the results
that we have found are independent of the specific value of g0 it does not lead to any-
thing new. A full discussion on this point would be beyond the scope of this book, but to
explain the point simply, let us return to the one-loop free energy that we considered in
the previous chapters. We thus start now with

A{ϕ} =
∫

dd x

{
1

2
( 	∇ϕ)2 + 1

2
r0ϕ

2 + g0

4! ϕ
4 + 1

�2

g6

6! ϕ
6
}
. (12.2)

The first correction to the mean-field free energy, for a constant external field, for
instance, becomes

γ (1)(m) = 1

2
r0(T )m

2 + g0

4!m
4 + 1

�2

g6

6!m
6

+ 1

2

∫
d4q

(2π)4
log

(
r0 + 	q2 + 1

2 g0m2 + g6
24�2 m4

r0 + 	q2

)
. (12.3)

Expanding this free energy in powers of m, we obtain new terms. Let us examine suc-
cessively the coefficient of m6 in the free energy, and the additional contribution to the
coefficient of m4 (see (11.13)).

The coefficient of m6 in the free energy

We expand γ (1) up to order six; let us call the coefficient G6/6!. One obtains

G6 = g6

�2
− 15

4

g0g6

�2

∫
d4q

(2π)4
1

(r0 + q2)2
+ 15g3

0

∫
d4q

(2π)4
1

(r0 + q2)3
. (12.4)

In the same spirit, we want to keep the same physics, namely the same G6, when
rescaling �. Defining

β6 = � ∂

∂�
g6

∣∣∣∣
G6

, (12.5)
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one finds, dropping terms of higher degree in g0 (which goes to zero in the scaling
limit),

β6 = 2g6 + 15

4
g0g6 + · · · . (12.6)

In dimension d ≤ 4, to lowest order in ε = 4− d, this becomes

β6 = (2d − 6)g6 + 15

4
g0g6 + · · · . (12.7)

Given that g0(λ) ∼ 1/ log λ, this shows that

g6(λ) ∼ λ2d−6 (12.8)

when λ→ 0: it is, indeed, irrelevant.

The shift of g0

The g6 term also has the effect of ‘feeding’ in the ϕ4 coupling constant, since we
now obtain from (12.3)

g = ∂4γ (m)

∂m4

∣∣∣∣
m=0

= g0 − 3g2
0

2

∫
d4q

(2π)4
1

(q2 + r0)2
+ g6

2�2

∫
d4q

(2π)4
1

(q2 + r0)
. (12.9)

In the large �-limit, the last integral diverges as �2, and with the coefficient in
front it has a finite limit, some number that adds to g0, that we could incorporate
by shifting ab initio g0 to g1, but it is of course simpler to drop g6 altogether.

In conclusion, there is no reason to assume that the short-distance microscopic
Hamiltonian is a renormalizable ϕ4 theory. However, the long-distance limit at
criticality is effectively given by the renormalizable ϕ4 theory.

This analysis applies to high-energy physics as well. Once the theory is regu-
larized by a short-distance cut-off, the field derivatives are in effect replaced by
a difference of the field values at nearby sites; the physical mass is much smaller
than the cut-off, thus the Green functions decay with distance with a characteris-
tic length m−1 much larger than the distance between neighbouring sites. In that
sense, a renormalized theory exists only at a critical point. The previous anal-
ysis applies mutatis mutandis: at very high energy, or very short distances, the
physics is still unknown. The fact that quantum electrodynamics is described by
a renormalizable theory (minimal coupling) does not come from the unphysical
assumption that the theory is valid down to vanishingly small length scales. On
the contrary, renormalizability results from the fact that we are considering ener-
gies much smaller than the cut-off, at which some other still unknown physics takes
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place. In that sense, quantum electrodynamics, and, more, generally renormalizable
quantum field theories, are simply effective critical theories.

Finally, let us recapitulate all this in the light of the general renormalization
group picture of Section 10.4. We started with an arbitrary bare theory, constrained
simply by symmetry. There is a fixed point at which all the non-renormalizable
interactions vanish. Those non-renormalizable terms, if included, flow to the fixed
point: they are irrelevant. The ϕ4 coupling constant g0 is also irrelevant in (4− ε)
dimension, but the fixed point is non-trivial; it is non-perturbative, except if we
perform an expansion in powers of ε. In four dimensions, g0 is a priori marginal;
the fixed point is g�0 = 0 and the flow around the fixed point is non-linear. A one-
loop calculation reveals that, under rescaling, g0 flows to the trivial Gaussian fixed
point at the origin. However, the non-linear nature of the flow equation implies
that g0(λ) goes to zero only as 1/ log λ, implying logarithmic corrections to the
mean-field behaviour.

Clearly, we are assuming here that all the initial coupling constants lie in the
basin of attraction of the fixed point. Could there exist another infrared-stable fixed
point for g0? Obviously, this is a non-perturbative question, and the belief in the
non-existence of another fixed point comes from the evidence that it has never
been found in numerical simulations. This is often called the triviality of ϕ4 in four
dimensions.3 The consequence is that, if we tried to define a renormalized theory
ϕ4 valid down to vanishing small distances, we would have to take a theory with
a vanishing coupling constant. This ‘triviality’ is welcome for critical phenomena,
but not acceptable for a field theory of elementary physics, which would pretend to
describe physics at all length scales. The only escape there lies in a theory in which
the fixed point at zero coupling is not an infrared attractor. As is well-known in non-
Abelian theories, the origin in coupling constant space is an ultraviolet attractor,4

a property called asymptotic freedom, and they are the only theories endowed with
this property.5

12.2 Renormalization of the massless theory

We consider the massless, or critical, ϕ4 theory

A{ϕ0} =
∫

dd x

{
1

2
( 	∇ϕ0)

2 + 1

2
r0cϕ0

2 + g0

4! ϕ0
4

}
, (12.10)

in which the relevant coupling constant r0 has been chosen at its critical value r0c,
at which the correlation length is infinite (i.e., the mass vanishes). The theory is

3 See K. Wilson and J. Kogut, The renormalization group, Phys. Rep., 12c (1974) 75.
4 D. J. Gross and F. Wilczek, Phys. Rev. Lett., 30 (1973) 1343. H. D. Politzer, Phys. Rev. Lett., 30 (1973) 1346.
5 S. Coleman and D. J. Gross, The price of asymptotic freedom, Phys. Rev. Lett., 31 (1973) 851.
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regularized by considering its extension in dimension d = 4− ε. In units in which
[Length] = −1, one has [ϕ0 = (d − 2)/2], [r0c] = 2, [g0] = ε, so that [A = 0].
This theory is renormalized through

• A field renormalization ϕ0 =
√

Zϕ.
• A mass renormalization r0 → m2, but here for r0 = r0c, m = 0.
• A coupling constant renormalization g0 Z2 = μεgZ1, in which an arbitrary scale factor
μ with dimension one has been inserted to make the renormalized coupling constant g
dimensionless. We thus have the action in terms of renormalized parameters

A{ϕ} =
∫

dd x

{
1

2
Z( 	∇ϕ)2 + 1

4!μ
εgZ1ϕ

4
}
. (12.11)

The renormalization constants Z and Z1 are dimensionless power series in g fixed
by the renormalization conditions (i.e., the finiteness of the correlation functions).
Their series expansions are characterized by coefficients which diverge when
ε → 0:

Z = 1+
∞∑

k=2

gkak(ε)

Z1 = 1+
∞∑

k=1

gkbk(ε). (12.12)

The minimal subtraction scheme is defined by the fact that ak(ε) and bk(ε) have
poles in ε and no finite part

a2(ε) = A2

ε
, a3(ε) = A(1)3

ε2
+ A(2)3

ε
, · · ·

b1(ε) = B1

ε
, b2(ε) = B(1)

2

ε2
+ B(2)

2

ε
, · · · . (12.13)

The renormalization group equations for the coupling constant g are obtained
by varying μ at fixed g0, since the parameter μ is absent from the bare (i.e.,
unrenormalized) theory:

μ
∂

∂μ
g

∣∣∣∣
g0

= β(g) (12.14)

and since g0 = μεgZ1/Z2 this gives

0 = ε + β(g) d

dg
log

gZ1(g)

Z2(g)
, (12.15)

i.e.,

β(g) = − εg

1+ g d
dg log Z1(g)

Z2(g)

. (12.16)
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If we want to compute the β function up to order g3, we take the above expansions
(12.12):

Z1

Z2
= 1+ gb1 + g2b2 + O(g3)

1+ 2g2a2 + O(g3)

= 1+ gb1 + g2(b2 − 2a2)+ O(g3), (12.17)

from which one finds easily(
1+ g

d

dg
log

Z1(g)

Z2(g)

)−1

= 1− gb1 + g2(4a2 + 2b2
1 − 2b2)+ O(g3) (12.18)

and thus

β(g) = −εg + εb1g2 − ε(4a2 + 2b2
1 − 2b2)g

3 + O(g4), (12.19)

replacing the ak and bk by their expressions (12.13)

β(g) = −εg + B1g2 + O(g3). (12.20)

However, at next order, the finiteness of the renormalized theory, and in particular
of β(g), requires the consistency condition:

B2
1 = 2B(1)

2 , (12.21)

and then

β(g) = −εg + B1g2 + (2B(2)
2 − 4A1)g

3 + O(g4). (12.22)

It remains thus to compute the coefficients A and B. Note that in this minimal
subtraction scheme the β function in dimension d is completely determined by the
β function in dimension 4

βd(g) = β4(g)− εg. (12.23)

12.3 The renormalized critical free energy (at one-loop order)

We follow again the background field technique of Chapter 9, giving the renormal-
ized free energy; at one-loop order, it is

�(1)(ϕ) = A(ϕ)+ 1

2
Tr log K, (12.24)

with

K (x, y) = δ(x − y)

(
−Z∇2 + 1

2
μεgZ1ϕ

2

)
. (12.25)

The renormalization constants Z and Z1 at one-loop, i.e., first order in the coupling
constant g, are such that �(1)(ϕ) is finite (when ε goes to zero) for any field ϕ(x).
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Since we limit ourselves here to a one-loop calculation, we can replace Z and Z1

by one in K , neglecting terms of order g2. The coefficient of ϕ4 in �(1) is

1

4!μ
εgZ1

∫
dd xϕ4(x)− 1

16

∫
dd xdd y

〈
x

∣∣∣∣ 1

−∇2

∣∣∣∣ y

〉 〈
y

∣∣∣∣ 1

−∇2

∣∣∣∣ x

〉
ϕ2(x)ϕ2(y),

(12.26)

and, in Fourier space,〈
x

∣∣∣∣ 1

−∇2

∣∣∣∣ y

〉
=
∫

dd p

(2π)d
eip(x−y)

p2

= 2d/2−2

(2π)d/2
�(d/2− 1)

1

|x− y|d−2
. (12.27)

Proof of (12.27)∫
dd p

(2π)d
eipr

p2
=
∫ ∞

0
dt
∫

dd p

(2π)d
eipre−tp2 = πd/2

(2π)d

∫ ∞

0
dt t−d/2e−r2/(4t).

The change t → r2/(4t) readily yields (12.27).

Then 〈
x

∣∣∣∣ 1

−∇2

∣∣∣∣ y

〉 〈
y

∣∣∣∣ 1

−∇2

∣∣∣∣ x

〉
= 2d−4

(2π)d
�2(d/2− 1)

1

r (2d−4)
,

where 	r = 	x − 	y and
1

r (2d−4)
= 1

ε
Sdδ(	r)+ f.p., (12.28)

where the second term is finite when ε = 4− d → 0, and Sd = 2πd/2/�(d/2) is
the surface of the unit sphere.

Proof of (12.28)
Let f (r) be a test function (rapidly decreasing at infinity)∫

ddr
f (r)

r2d−4
= Sd

∫ ∞

0
drr ε−1 f (r)

= − Sd

ε

∫ ∞

0
drr ε f ′(r) = Sd

ε
f (0)+ O(ε0).

Returning to (12.26) we see that the quartic terms, including the one-loop
corrections, are finite for any ϕ(x), provided we take

Z1 = 1+ 3

2
Kd

g

ε
+ O(g2) (12.29)

and

Z = 1+ O(g2), (12.30)

from which we obtain, as explained earlier, B1 = 3/2 and the one-loop β function.
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Exercise
Repeat the same calculation for an O(n) symmetry and show that the factor 3

2
above is replaced by (n + 8)/9.

12.4 Away from Tc

Up to now we have traded the bare coupling constant g0 for the renormalized one
g and renormalized the field ϕ0 → ϕ = Z−1/2ϕ0. Away from the critical point, one
more renormalization is needed, that of the energy operator ϕ2, which is not equal
to (ϕ)2. Indeed, consider the massive action

A{ϕ} =
∫

dd x

{
1

2
Z( 	∇ϕ)2 + 1

2
Z2tϕ2 + 1

4!μ
εgZ1ϕ

4

}
, (12.31)

in which t � (T − Tc) and Z2 is a power series in g,

Z2 = 1+
∞∑

k=1

gkck(ε), (12.32)

determined by the finiteness of the renormalized free energy when ε → 0. Then,
at one-loop order,

�(1)(ϕ) =
∫

dd x

{
1

2
Z( 	∇ϕ)2 + 1

2
Z2tϕ2 + 1

4!μ
εgZ1ϕ

4

}
+ 1

2
Tr log K, (12.33)

with

K (x, y) = δ(x − y)

(
−Z∇2 + t Z2 + 1

2
μεgZ1ϕ

2

)
. (12.34)

Again, at one-loop order we can replace Z , Z1, Z2 by one in the kernel K (x, y).
The coefficient of ϕ2(x) in �(1) is then

1

2
Z2tϕ2(x)+ 1

4
μεg

〈
x

∣∣∣∣ 1

−∇2 + t

∣∣∣∣ x

〉
ϕ2(x).

Since 〈
x

∣∣∣∣ 1

−∇2 + t

∣∣∣∣ x

〉
=
∫

dd p

(2π)d
1

p2 + t

= −Kd

2
t1−ε/2 π

sinπε/2

= −Kdt/ε + O(ε0), (12.35)

one sees that, by taking (using again the minimal scheme)
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Z2 = 1+ Kd

2

g

ε
+ O(g2), (12.36)

the coefficient of ϕ2(x) is now finite when ε → 0.

Exercise
Repeat the same calculation for an O(n) symmetry and show that the factor 1

2
above is replaced by (n + 2)/6.

Then we vary μ fixing the coefficients of the bare theory. The coefficient of ϕ2
bare is

t Z2/Z . If we define the temperature flow as

μ
∂

∂μ

∣∣∣∣
bare

t = tκ(g), (12.37)

we obtain

κ(g) = −β(g) ∂
∂g

log
Z2

Z
, (12.38)

i.e., at one-loop order

κ(g) = n + 2

6
g + O(g2), (12.39)

and we recover the correlation length exponent ν computed in the previous chapter.
Note that the calculation of κ(g), and consequently of the thermal exponent ν, is
obtained through this procedure, in the critical, i.e., massless, theory, in which all
the calculations are much simpler.

This introductory chapter is, of course, far from a full account of the theory
of renormalization. Many books are available; in particular, in the context of this
book, see Zinn-Justin.6

6 J. Zinn-Justin, Quantum Field Theory and Critical Phenomena, 3rd edn. (Oxford: Oxford University Press,
2002).
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Goldstone modes

The existence of ‘soft modes’, massless excitations in particle physics, governs
many properties of the phase in which a continuous symmetry is spontaneously
broken. In this chapter, we review first the Goldstone theorem,1 then the non-linear
sigma models, which govern the dynamics of the Goldstone bosons, as well as
examples of the physics described by these models.

13.1 Broken symmetries and massless modes

Let A[ψ] be an (Euclidean) action, invariant under a Lie group G. We assume
that ψ belongs to some representation of G. One can always assume that G is
represented by real orthogonal matrices D(g). (Indeed, since we do not assume
any irreducibility, we can always transform a complex unitary representation into
a real orthogonal one by splitting real and imaginary parts.)

Under an infinitesimal transformation:

ψa(x)→ ψa(x)+ ωαtαabψb(x) (13.1)

(where tα are generators of G) the invariance of A implies:

tαab

∫
dx

δS

δϕa(x)
ψb(x) = 0. (13.2)

The generators tαab, α = 1, 2, . . . , N are real antisymmetric matrices in this
orthogonal representation of G; N is the rank of G.

Example

G = O(n), N = n(n − 1)

2
,

G = SU (n)× SU (n), N = 2(n2 − 1).

1 J. Goldstone, Nuovo Cimento, 19 (1961) 155.
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The correlation functions of the theory may all be obtained by the following
construction.

Define the partition function

Z(h, ϕ) =
∫

D[ψ]e−A(ψ)+∫ dxha(x)[ψa(x)−ϕa(x)] (13.3)

(in units in which β = 1).
Then the free energy is given by �(h, ϕ) = − log Z(h, ϕ). Fix h(ϕ) by the

constraint:
δ�

δha(x)
= 0. (13.4)

The resulting �(ϕ) = �{h(ϕ), ϕ} is the free energy as a function of the ‘order
parameter’ ϕ (which was called m(x) in the previous chapters).

For a uniform ϕa(x) = ϕ, one remembers that the system is confined in a box of
volume V and

�{ϕa(x)}
⏐⏐⏐
ϕa(x)=ϕa

= V γ (ϕa), (13.5)

where γ (ϕa) is the ‘effective potential’ of the theory.
At mean field level, when all fluctuations are ignored, one retains only the single

configuration ψ0(x), which maximizes the integrand of (13.3):

Zcl(h, ϕ) = e−A(ψ0)+
∫

dxh(ψ0−ϕ), (13.6)

in which δA
δψ0(x)

= h(x). Then one finds, in this simple fluctuationless or mean-field
approximation,

�cl(h, ϕ) = A(ψ0)−
∫

dxh(ψ0 − ϕ) (13.7)

δ�cl/δh = 0 ⇒ ψ0 = ϕ and, therefore, �cl[h(ϕ), ϕ] = A(ϕ). If ϕ is constant in
space, A(ϕ) = Vol · V (ϕ), where V (ϕ) is the part of the action which does not
contain derivatives of the field. Finally,

γcl(ϕ) = V (ϕ). (13.8)

The symmetry is spontaneously broken if the effective potential γ (ϕ) has a min-
imum at non-zero ϕ. Let va be a minimum of γ (ϕ), and H be the subgroup of G
which leaves va invariant:

h ∈ H ↔ D(h)va = va. (13.9)

The n-point functions of the theory are given by

�(n)a1...an
(x1 . . . xn) = δn�(ϕ)

δϕa1(x1) . . . δϕan (xn)

∣∣∣∣
ϕa=va

. (13.10)
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They are the ‘one-particle irreducible’ n-point functions for n > 2. For n = 2, �(2)

is the inverse (in the operator sense) of the correlation function

�
(2)
ab (x, y) =

〈
ψa(x)ψb(y)

〉−1
. (13.11)

Let us return to the invariance under G. We expect the free energy �(ϕ) to
be invariant under G; it is only because its minima are not G-invariant that the
symmetry is broken. Let us prove it.

Consider a variation

ϕa(x)→ ϕa(x)+ ωαtαabϕb(x), (13.12)

which gives

Z(h, ϕ)→ Z(h, ϕ + ωαtαϕ). (13.13)

In the path integral we perform the corresponding change of variables

ψa(x)→ ψa(x)+ ωαtαabψb(x). (13.14)

Note that the Jacobian of this transformation is

det(δab + ωαtαab) = 1+ ωαtαaa + O(ω2) = 1+ O(ω2), (13.15)

since the generators tα are antisymmetric (the representation being orthogonal).
Since A is invariant we obtain:

Z(h, ϕ + ωαtαϕ) =
∫

D[ψ]e−A[ψ]+∫ dx J (ψ−ϕ)e
∫

dxωα tαab(ψb(x)−ϕb(x))ha(x). (13.16)

Expanding both sides to first order in ωα,

Z(h)+ ωαtαab

∫
dxϕb(x)

δZ

δϕa(x)
=
∫

D[ψ]e−A[ψ]+∫ dxh(ψ−ϕ)

×
(

1+ ωα
∫

dxtαabha(x)(ψb(x)− ϕb(x))

)
. (13.17)

Therefore,

tαab

∫
dxϕb(x)

δZ

δϕa(x)
= tαab

∫
dxha(x)

δZ

δhb(x)
. (13.18)

Substituting Z = e−� and, from the definition (13.4) of h(ϕ): δZ
δh = 0, we find, as

expected:

tαab

∫
dxϕb(x)

δ�

ϕa(x)
= 0. (13.19)

Note that this is identical to the equation, which expressed the invariance of A, as
it should be.
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Taking the derivative with respect to ϕc(y),

tαabδbc
δ�

δϕa(y)
+ tαab

∫
dxϕb(x)

δ2�

δϕa(x)δϕc(y)
= 0. (13.20)

We now set ϕa(x) = va . The first term vanishes by definition, thus:

tαab

∫
dxvb�

(2)
ac (x − y) = 0. (13.21)

If we now define the Fourier transform

�̃(2)ac (p) =
∫

dxeip(x−y)�(2)ac (x − y) (13.22)

and the mass matrix

(M2)ac = �̃(2)ac (0), (13.23)

the previous relation reads

tαabvb(M
2)ac = 0. (13.24)

Let us divide the Lie algebra of G into the subalgebra of H and its complement:

tα =
{
τα, α = 1 . . . P generators of H
θα, α = P + 1 . . . N remaining generators.

(13.25)

Since H is defined by D(h)v = v, we have ταv = 0. Therefore, the previous
identity is empty if tα belongs to L(H). However for the coset G/H the (N − P)
vectors θαabvb are non-vanishing, and they are linearly independent. Let

uαa = θαabvb, α = p + 1 . . . n. (13.26)

These (N − P) vectors are (left) eigenvectors of (M2)ab for the eigenvalue zero:
there are (N − P) massless modes.

Examples
1. G = O(n), ϕa(x) belongs to the vector representation, a= 1 . . . n, N = n(n−1)

2 .
Assume that the potential has a minimum for some vector 	v, H consists of rotations

that leave 	v invariant ⇒ H = O(N − 1). Indeed, take coordinates in which v =
(1, 0, . . . , 0), then the h matrices have the form

h =
⎛⎜⎝ 1 0 . . . 0

0
... �

⎞⎟⎠ . (13.27)

Therefore, P = (n−1)(n−2)
2 and the number of Goldstone modes is

N − P = n(n − 1)

2
− (n − 1)(n − 2)

2
= n − 1. (13.28)
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2. G = SU (n)× SU (n). ψ is a complex n × n matrix and under an element (U1,U2) of
G it transforms as ψ → U1ψU †

2 . The action

A[ψ] =
∫

dx

{
Tr∂ψ†∂ψ − m2

0Trψ†ψ + 1

2
λ1(Trψ†ψ)2 + 1

2
λ2Trψ†ψψ†ψ

}
(13.29)

is indeed invariant under ψ(x) → U1ψ(x)U
†
2 . The minima are given by δA/δψ = 0

(and adjoint). For constant ψ this gives

− m2
0ψ + λ1ψTr(ψ†ψ)+ λ2ψψ

†ψ = 0. (13.30)

The solutions are given by ψ = cU0, where U0 ∈ SU (n) and c is a number defined by
the equation

− m2
0 + λ1|c|2 n + λ2|c|2 = 0. (13.31)

The subgroup H leaving this minimum invariant consists of pairs (U1,U2), such that

U1U0U †
2 = U0. (13.32)

If U1U0 = V1 and U0U2 = V2 then V1 = V2. Therefore, H is isomorphic to the
diagonal subgroup (V, V ) of G. H thus has rank (n2 − 1) and G has rank 2(n2 − 1).
The number of Goldstone modes in this case is

2(n2 − 1)− (n2 − 1) = n2 − 1. (13.33)

This model was introduced by Gell-Mann and Lévy2 as a model in which the lightness
of the three pions would be explained by a broken symmetry, in which the pions are
Goldstone bosons. For SU (2)× SU (2) there are indeed three massless modes, and the
field ψ is a 2× 2 matrix. There is thus a fourth massive particle, which they called the
σ -particle, hence the name sigma model (the ‘linear’ sigma model here, since the group
G = SU (2)× SU (2) acts linearly on the fields).

13.2 Linear and non-linear O(n) sigma models

Let us consider an action invariant under O(n), with the field in a vector
representation:

A[ψ] =
∫

dd x
[
∂μψ

a∂μψ
a + V ( 	ψ2)

]
, (13.34)

in which μ runs from 1 to d and a from 1 to n. Assume that V has the shape of
a ‘Mexican hat’, i.e., a set of minima at | 	ψ | = 1. Let 	v0 be a unit vector, corre-
sponding (through boundary conditions, or an infinitesimal external field) to one
such minimum. We can then decompose the field 	ψ(x) into

2 M. Gell-Mann and M. Lévy, Nuovo Cimento, 16 (1960) 705.
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• A space-dependent rotation of the vector 	v0, which brings it along 	ψ(x), but leaves its
unit-norm unchanged,

• Longitudinal excitations L(x), which change the length of 	v0

ψa(x) = [1+ L(x)]Rab(x)(	v0)b, (13.35)

and call va(x) the unit vector Rab(x)(v0)b. In this parametrization,

A[L , 	v] =
∫

dx
[
(∂μL)2 + (∂μva)

2 + (L2 + 2L)(∂μva)
2 + V ((1+ L)2)

]
. (13.36)

Expanding the potential about its minimum at L = 0, we have V = V (1) +
2L2V ′′(1)+ O(L3), V ′′(1) > 0. This action A describes:

• One massive longitudinal excitation L(x) with mass-squared m2= 2V ′′(1),
• (n − 1) massless modes va, a = 1, . . . , n constrained by 	v2 = 1.

The properties of this theory at long distance (we are interested in physical dis-
tances much larger than the lattice spacing or inverse momentum cut-off, i.e., in
the vicinity of a critical point) are governed by diagrams in which only massless va

particles are exchanged. Any exchange of the massive mode L(x) is subleading in
the long distance limit. Therefore, we may drop the longitudinal mode completely
from the action and keep only the long-distance Goldstone modes:

A = 1

2λ

∫
dx(∂μva)

2, μ = 1, . . . , d, a = 1, . . . , n (13.37)

with the non-linear constraint 	v2 = 1. This is the O(n) non-linear sigma model (i.e.,
the model for the coset O(n)/O(n − 1)) in which, if we choose a set of (n − 1)
parameters on the sphere, the O(n)-symmetry will be realized non-linearly. For
instance, if we choose a parametrization of the northern hemisphere,3 such as

σ(x) ≡ v0(x) =
√√√√1−

N−1∑
1

v2
i (x), (13.38)

a rotation that mixes v0 and vi is not a simple linear operation on the independent
variables va, a = 1, . . . , n − 1.

The regularization of this theory by a lattice reveals that this model is nothing
but the familiar classical n-vector model of statistical physics. Indeed, on a lattice
there is a unit vector va(xi ) at each lattice site; the derivative ∂μvb is replaced by

3 As in any saddle-point expansion the error in choosing this parametrization, which singles out one hemisphere,
is of order exp−1/λ.
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(vb(x+aeμ)−vb(x))/a, where a denotes the lattice spacing and eμ the unit vector
in direction μ. Hence,

n∑
b=1

(∂μvb)
2 →− 2

a2
	v(x) · 	v(x + aeμ)+ const. (13.39)

We see that the non-linear sigma model on the lattice is nothing but the n-vector
model with the Hamiltonian H = −J

∑
〈i j〉 	vi · 	v j , 	v2 = 1.

In statistical mechanics the coupling constant λ is proportional to the absolute
temperature (given that the Boltzmann weight is e−H/T ). The non-linear sigma
model with coupling constant λ is thus the long distance limit of the n-vector model
at temperature λ (in the appropriate units). We have already encountered this model
in Section 5.3, in which we were performing a low-temperature expansion for the
n-vector model.4 The sigma models have played an important rôle in many areas of
physics: expansion near two dimensions of critical quantities, Anderson localiza-
tion, disordered systems. They are the starting point of string theory in which the
field is a mapping of a two-dimensional world-sheet into a space–time manifold.

13.3 Regularization and renormalization of the O(n) non-linear sigma
model in two dimensions

13.3.1 Regularization

The problem has both infrared and ultraviolet singularities, which need to be
regularized.

As far as the infrared singularities are concerned, the problem is not too severe.
A finite box, a mass term or more conveniently, as we shall see, an external field,
will take care of this problem. The situation is more delicate with the ultraviolet
singularities.

Indeed, let us write the model using some parametrization of the sphere 	v2 = 1,
for instance

	v = (
√

1− 	ϕ2, ϕ1, . . . , ϕn−1). (13.40)

Then

(∂μ	v)2 = gi j (ϕ)∂μϕi∂μϕ j , (13.41)

4 This model was introduced in A. Polyakov, Interaction of Goldstone Particles in two dimensions: applications to
ferromagnets and massive Yang–Mills fields, Phys. Lett. B, 59 (1975) 79–81. Performing a one-loop calculation,
he showed that the model was ‘asymptotically free’. The renormalizability to all orders was proven in E. Brézin
and J. Zinn-Justin, Renormalisation of the non-linear sigma-model in 2 + ε dimensions; application to the
Heisenberg ferromagnets, Phys. Rev. Lett., 361 (1976) 69 and Phys. Rev. D, 14 (1976) 2615 (with J. C. Le
Guillou).
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with

gi j = δi j + ϕiϕ j

1− 	ϕ2
, (13.42)

in which ϕ2 stands for ϕ2
1 + · · · + ϕ2

n−1. The field ϕi is dimensionless in two
dimensions. Therefore, the renormalized action will contain every possible term of
dimension two, not protected by symmetry, thus a priori any function gR

i j (ϕ) mul-
tiplied by ∂μϕi∂μϕ j . We could thus generate an arbitrary metric on the manifold,
and indeed this is what happens with a sigma model on an arbitrary Riemannian
manifold.

In the parametrization that we have chosen, the O(n − 1) symmetry consisting
of rotations ϕi → Ri jϕ j is manifest since under that rotation gi j∂μϕi∂μϕ j remains
invariant. However, rotations that mix the (1, 0, . . . , 0) vector with the other direc-
tions are more subtle. For example, one can verify that, as expected, the action is
invariant under 	ϕ→ 	ϕ + δ 	ϕ with, for one of the components of ϕ, say ϕ1,

δϕ1 = ε
√

1− 	ϕ2, δ
√

1− 	ϕ2 = −εϕ1. (13.43)

A cut-off on the (n − 1) components ϕ1 . . . ϕn−1 will, in general, break this full
non-linear O(n) symmetry and counter-terms could proliferate. (For instance one
can check that if the propagator of the ϕi is cut off to zero above some momentum
�, the correlation function of the longitudinal mode

√
1− 	ϕ2 has a support that

extends beyond �.)
There are two schemes that are satisfactory in this respect, since they manifestly

preserve the O(n) symmetry:

Lattice regularization

One returns to the lattice n-vector model with its manifest O(n) symmetry,

H = J
∑

i j

(	Si − 	Sj )
2, (13.44)

i.e., with the same parametrization of the unit sphere:

(	Si − 	Sj )
2 = ( 	ϕi − 	ϕ j )

2 +
(√

1− 	ϕ2
i −

√
1− 	ϕ2

j

)2

. (13.45)

The quadratic form in ϕi in this action is simply ( 	ϕi − 	ϕ j )
2, giving a propagator in

momentum space:

T

J
∑d

μ=1(1− cos pμ)
. (13.46)
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The interaction is given by expanding
√

1− 	ϕ2
i in powers of ϕi . One should also

keep in mind the invariant measure over the unit sphere:

Z =
∫ ∏

i

d 	ϕi√
1− 	ϕ2

i

e−H/T . (13.47)

The measure terms must be taken into account as further interactions:

e−H/T → e−H/T− 1
2

∑
i log(1−	ϕ2

i ).

This procedure is safe and well-defined once the infrared problem is taken care
of. However, lattice propagators make calculations, beyond the simple one-loop
order, rather painful.

Dimensional regularization

This is, of course, considerably easier. By going to dimension d < 2 all ultravi-
olet divergences are well-regulated (and in particular the measure terms may be
dropped as a consequence of the rules of d-dimensional intergration). However,
the infrared problem becomes worse. We have thus to take care of the infrared
divergences before considering dimensional regularization.

We could simply add a mass term to the action:

A = 1

2λ

∫
dd x

[
(∂μ	v)2 + m2

2
	ϕ2

]
, (13.48)

breaking of course the full O(n) symmetry, but with a ‘soft operator’, which will
not affect the ultraviolet singularities. This is perfectly feasible but implies dis-
cussing the renormalization of 	ϕ2 in addition to that of 	ϕ. Therefore, we choose a
more complicated ‘soft’ operator, which, thanks to the O(n) symmetry, turns out
to be simpler. Consider:

A =
∫

dd x

[
1

2λ
(∂μ	v)2 − h

λ

√
1− 	ϕ2

]
, (13.49)

which in spin language means that we have added a magnetic field h along the
(1, 0, . . . , 0) direction, which couples as 	h ·∑i

	Si . The quadratic form of this action
is now

A0 =
∫

dd x

[
n−1∑
i=1

(
1

2λ
(∂μϕi )(∂μϕi )+ h

2λ
ϕiϕi

)]
. (13.50)

The (n − 1) Goldstone bosons now have a mass-squared h, since the propagator is

〈ϕiϕ j 〉 = λ

p2 + h
δi j . (13.51)
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Note that this regulator also has the effect of adding new vertices to the interaction,
since √

1− 	ϕ2 = 1− 	ϕ2

2
− 1

8
( 	ϕ2)2 + · · · . (13.52)

However, because of the full O(n) symmetry, which is only softly broken, we
expect that if ϕi is renormalized multiplicatively as ϕi →

√
ZϕR

i , the composite
operator

√
1− 	ϕ2 is similarly renormalized by the same factor

√
Z . Therefore,

the field-strength renormalization is sufficient to renormalize the infrared regulator
term. This is why we prefer it to a straight mass term, which would involve a
distinct renormalization constant.

Now that the infrared problem is under control, we may regularize the ultra-
violet singularities by going to dimension d < 2. We then choose to renormalize
the theory through the minimal subtraction scheme, in which the renormalization
constants contain only poles in (d − 2) (and no finite part). Finally, after all these
poles have been removed by minimal subtraction, we obtain a theory that is finite,
order by order in a double expansion in powers of the temperature and of (d − 2).

Let us finally note that dimensional regularization makes the measure terms,
which are essential in the lattice regularization, very easy to handle. Indeed,∏

i

d 	ϕi√
1− 	ϕ2

=
∏

i

d 	ϕi e
[
− 1

2

∑
i log(1−( 	ϕi )

2)
]

(13.53)

flows formally in the continuum limit to∏
x

d 	ϕ(x) e
[
− 1

2ad

∫
dd x log(1−	ϕ2(x))

]
. (13.54)

But (2π)d/ad = ∫
BZ dd p, where BZ is the Brillouin zone, in which each

component of p varies between (−π/a, π/a). In the continuum limit,

1

ad
=
∫

dd p

(2π)d
(13.55)

is just the integral of one which vanishes, by definition, since in dimensional
regularization ∫

dd p

(2π)d
1

(p2)k
= 0, ∀k. (13.56)

Therefore, the measure terms may be ignored altogether in this regularization.
The strategy exposed here is thus (i) to eliminate infrared singularities by the

action of an external magnetic field, (ii) continue to dimension d < 2 to regularize
the ultraviolet divergences, (iii) by minimal subtraction, construct a well-defined
renormalized theory in dimension two and (iv) continue if necessary to d > 2,
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to derive an expansion for the critical properties in powers of (d − 2) similar, for
continuous symmetries, to the earlier expansion in powers of (4− d) .

13.3.2 Perturbation expansion and renormalization

We now collect the non-Gaussian terms of the action

A{ϕ} = 1

λ

∫
dd x

[
1

2
gi j (ϕ)∂μϕi∂μϕ j − h

√
1− 	ϕ2

i

]
, (13.57)

with

gi j (ϕ) = δi j + ϕiϕ j

1− 	ϕ2
. (13.58)

The part of this action that is quadratic in the field is

A(0){ϕ} = 1

2λ

∫
dd x[∂μ 	ϕ∂μ 	ϕ + h 	ϕ2], (13.59)

giving a propagator in momentum space equal to λ

p2+h
. The quartic part in this

action is

A(1){ϕ} = 1

8λ

∫
dd x[∂μ( 	ϕ)2∂μ( 	ϕ)2 + h( 	ϕ2)2]. (13.60)

However, there is an infinite number of higher vertices of the form

1

λ
( 	ϕ2)kϕi∂μϕ

jϕi∂μϕ
j

for those coming from the metric term; they contain (2k + 4) lines and two
derivatives. Those coming from the h terms contain h

λ
( 	ϕ2)k with some binomial

coefficient. An arbitrary Feynman diagram with V vertices and I internal lines
carries a factor

λ−V , since each interaction vertex carries a factor 1/λ,

λI , since the propagator is
λ

h + p2
,

but I − V = L − 1, where L is the number of loops of the diagram. Therefore, the
loop expansion is an expansion in powers of λ, i.e., a low-temperature expansion.

To give an idea of the renormalization in this model, let us consider at one loop
the inverse propagator

�
(2)
i j (p) = δi j

1

λ
[p2 + h] + (Diag. 1)+ (Diag. 2)+ O(λ). (13.61)
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Diag. 1 = 1
2 (n − 1)h

∫ dd q
q2+h

Diag. 2 = ∫ dd q(q2+h)
(p−q)2+h

Using dimensional regularization, continuing to dimension d = 2− ε, one finds:

�
(2)
i j (p) = δi j

1

λ
(p2 + h)

+ Kdδi j

[
h−ε/2

ε
p2 + n − 1

2

h1−ε/2

ε
+ finite terms

]
+ O(λ), (13.62)

where Kd ≡ 2πd/2

�(d/2)(2π)d .

The finiteness of �(2) is achieved through field amplitude and coupling-constant
renormalizations. If we define ϕa = √Zϕa

R, a = 1, . . . , n−1 and σ = √1− 	ϕ2 =√
ZσR, Z will be fixed by the requirement that ϕR and σR have finite correlation

functions in two dimensions. Note that σR= 1√
Z

√
1− Z 	ϕR

2 is a finite compos-
ite operator (since we have kept the O(n) symmetry) and it does not carry an
anomalous dimension on its own. The coupling-constant renormalization is defined
as λ = λR Z1μ

2−d , in which μ is an arbitrary momentum scale that makes λR

dimensionless. (The O(n) symmetry does not allow for more than one coupling
constant.)

The renormalizability of this theory is the statement that Z and Z1 are power
series in λR, whose coefficients have poles when d − 2 → 0, such that the
correlation functions of ϕR, σR, expressed as power series in λR, are finite.

The field ‘renormalizes’ into a field that couples to σR, which yields finite
expectation values

h

λ

√
1− 	ϕ2 → hR

λR
μd−2σR. (13.63)

Therefore,

√
Z

h

Z1
= hR, (13.64)

and the action in terms of renormalized fields reads
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A = μd−2

2Z1λR

∫
dd x

[
Z(∂μ 	ϕR)

2 +
(
∂μ

√
1− Z 	ϕR

2
)2
]

− hR

λR

μd−2

√
Z

∫
dd x

√
1− Z 	ϕR

2
. (13.65)

The quadratic part is simply

μd−2

2λR

∫
dd x

[ Z

Z1
(∇ϕR)

2 + hR

√
Zϕ2

R

]
. (13.66)

Returning to the previous calculation we see that it fixes Z/Z1 and
√

Z to be at
one-loop order:

Z

Z1
= 1− 1

ε
λR + O(λ2

R),

√
Z = 1− n − 1

2ε
λR + O(λ2

R) (13.67)

(we have included in λR the trivial factor kd).
It is straightforward but lengthy to extend this calculation to higher-loop orders.

13.4 Renormalization group equations for the O(n) non-linear
sigma model and the (d − 2) expansion

The renormalized theory is the scaling limit of the theory, the limit in which the
lattice spacing is vanishingly small. The renormalization group equations may be
simply derived by expressing that the bare theory does not know the arbitrary
length scale μ that we had to introduce in the process of renormalization. Since
the irreducible k-point correlation functions satisfy

�R(p1 · · · pk, λR, hR, μ) = Zk/2�(p1 · · · pk, λ, h,�), (13.68)

we have

μ
∂

∂μ
Z−k/2�

(k)
R

∣∣∣∣
bare

= 0. (13.69)

Defining

μ
∂

∂μ
λR

∣∣∣∣
bare

= β[λR],

μ
∂

∂μ
log Z

∣∣∣∣
bare

= γ [λR], (13.70)

we note that

μ
∂

∂μ
λR

∣∣∣∣
bare

= β[λR] = (d − 2)λR

1+ d
dλR

log Z1
(13.71)
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(derived from λ = λR Z1μ
d−2). From hR = h

√
Z/Z1, we derive

μ
∂

∂μ

∣∣∣∣
bare

hR =
(

1

2
γ (λR)− (d − 2)+ 1

λR
β(λR)

)
hR, (13.72)

which leads to the differential equation[
μ
∂

∂μ
+ β ∂

∂λ
+
(

1

2
γ (λ)+ β(λ)

λ
− (d − 2)

)
h
∂

∂h
− 1

2
kγ (λ)

]
�(k)(λ, h, μ) = 0,

(13.73)
in which it is now understood that we deal with the renormalized theory in terms
of the renormalized parameters, and thus drop from now on the subscript R. The
explicit one-loop result leads to

β(λ) = (d − 2)λ− (n − 2)λ2 + O(λ3),

γ (λ) = (n − 1)λ+ O(λ2). (13.74)

In the minimal subtraction scheme that we have used, in which Z and Z1 only have
poles in ε, it is a standard exercise to prove that to all orders in a double expansion
in λ and (d−2) the occurrence of (d−2) takes place only in the first term of the β
function, namely the term linear in λ; (d−2) does not appear either in higher-order
terms of the β function, or in any term of the function γ (λ).

In two dimensions, β(λ) = −(n − 2)λ2 + O(λ3): the origin λ = 0 is an ultra-
violet fixed point, the theory is asymptotically free; let me stress again that this was
expected, since λ, the temperature, is a relevant variable. Calculations along these
lines have now been pushed up to four loops.

The case n = 2, in which the group of symmetry O(2) is Abelian, is spe-
cial: the β function vanishes to all orders. This can be seen by the parametrization
v1 = cos θ, v2 = sin θ , with which (∂μ	v)2 = (∂μθ)

2, a free field theory . . . in per-
turbation theory in which one forgets that θ is an angle varying on a 2π interval.
However, Kosterlitz and Thouless have shown that at low temperatures there are
vortices or antivortices, excitations around which the ‘spin’ makes a complete cir-
cle; these excitations unbind at some critical temperature, giving rise to a transition
of infinite order.

13.4.1 Integration of RG equations and scaling

Since the equations that we have derived are valid to all orders in λ and (d − 2),
we can examine their properties for any d. As it was explained, the critical point in
a relevant variable such as λ, has to be an ultraviolet fixed point. It is given here in
dimension d greater than two by

λc = d − 2

n − 2
+ O[(d − 2)2], (13.75)

which, as it should, vanishes at d = 2.
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Any invariant under renormalization group transformation, satisfies the homo-
geneous renormalization group equation (without the kγ term):[

μ
∂

∂μ
+ β(λ) ∂

∂λ

]
Inv. = 0. (13.76)

In particular, the mass m = ξ−1, or inverse correlation length, satisfies this
equation. Given that it has one dimension, this gives

m = μ exp

(
−
∫ λ

λ0

dλ′

β(λ′)

)
. (13.77)

From there we recover:

(i) Dynamical mass generation in two dimensions, since for λ small and d = 2 we have:

m = μe−
1

λ(n−2) . (13.78)

(ii) Above two dimensions, this mass vanishes at λc as

m = μ(λc − λ)−
1

β′(λc) , (13.79)

and at the ultraviolet fixed point β ′(λc) < 0. This yields the correlation length, which
diverges at the critical point as

ξ ∼ (λc − λ)−ν,
ν = − 1

β ′(λc)
= 1

d − 2
+ O[(d − 2)2] (13.80)

(the result for two loops is
1

ν
= d − 2+ (d − 2)2

n − 2
+ O[(d − 2)3]).

One can also study the spontaneous magnetization M = 〈σR〉, which satisfies

the k= 1 equation in zero field. Since σR =
√

1− ϕ2
R is dimensionless, the

renormalization group equation reads[
β(λ)

∂

∂λ
+ 1

2
γ (λ)

]
M = 0, (13.81)

from which it follows that

M(λ) ∼ e−
1
2

∫ λ
0 dλ′ γ (λ

′)
β(λ′) . (13.82)

This magnetization vanishes at λc with the exponent

− γ (λc)

2β ′(λc)
= n − 1

2(n − 2)
+ O(d − 2).
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It is then straightforward to verify that the k-point functions satisfy the scaling
relation

�(k)(p1 . . . pk; λ, h = 0, μ) = md(λ, μ)μ−k(λ)F (k)(pi/m). (13.83)

I shall stop here, but one can see how scaling laws, critical exponents, etc., follow
from this type of analysis.

13.5 Extensions to other non-linear sigma models

Several fat books would be needed to cover the fields in which non-linear sigma
models have been applied to physics. Let me mention here simply two examples.

Sigma model on an arbitrary Riemannian manifold

In the O(n) model the field 	v(x) was a mapping of two-dimensional space into the
sphere Sn−1. Once we parametrized the sphere by coordinates ϕa(x), we obtained
the action

A(ϕ) =
∫

d2xgab(ϕ)∂μϕa∂μϕb, (13.84)

with gab given by (13.58). This was generalized by Friedan5 to a mapping from the
plane to an arbitrary Riemannian manifold. Then nothing prevents this metric from
an arbitrary renormalization, and thus we expect as many renormalization constants
as the number of metric tensors on a d-dimensional manifold. We thus expect the
renormalization group equations to take a functional form with a β functional

βab = μ ∂

∂μ

∣∣∣
bare

gab (13.85)

of all possible metric tensors. The result up to two-loop order is

βab = (d − 2)gab − 1

2π
Rab − 1

8π2
Raklm Rbklm + · · · , (13.86)

in which Ri jkl is the Riemannian curvature tensor, and Ri j = Rk
i jk , the Ricci tensor.

[For symmetric spaces Ri j and all the tensors in the r.h.s. are proportional to gi j

and one recovers a one-coupling-constant renormalization group equation.]
This result plays an important rôle in string theory. In Polyakov formulation,6

the string sweeps a two-dimensional manifold in its motion. It is thus described
by a mapping of a two-dimensional world-sheet to the manifold. The consistency
requires Weyl invariance, i.e., βab = 0. The manifold should have vanishing Ricci

5 D. H. Friedan, Ann. Phys. (NY), 163 (1985) 318.
6 A. M. Polyakov, Phys. Lett. B, 103 (1981) 207.
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tensor Ri j . Non-trivial manifolds with Ri j = 0, but the total curvature R 
= 0, i.e.,
‘Ricci-flat’, are called Calabi–Yau manifolds.

Localization by a disordered potential

Applications of sigma models to disordered metals or semiconductors are numer-
ous.7 One of the most important models concerns Anderson localization. Ander-
son8 has shown that in one dimension a particle scattered by random impurities
does not diffuse: its wave function remains localized, rather than extended over
the whole system. Localization in one dimension may be intuitively understood as
the results of random traps in the scattering process. More surprisingly, Abrahams
and co-workers, in a famous paper,9 argued that in two dimensions the electrons
will also remain localized, at least when the interactions between the electrons
are neglected: a two-dimensional disordered metal is thus an insulator. Above two
dimensions, the theory, a one-parameter scaling theory, predicts a metal–insulator
transition when the disorder gets stronger. This picture was turned into an explicit
framework by F. Wegner10 as follows. Consider a quantum particle subject to a
random potential V (	r), the quantum Hamiltonian is

H = −∇2 + V (	r). (13.87)

For simplicity, one assumes that this potential is a Gaussian white noise

〈V (	r)〉 = 0, 〈V (	r)V (	s)〉 = wδ(	r − 	s). (13.88)

The conductivity is related to the average〈
< 	r1

∣∣(E + iε − H)−1
∣∣ 	s1 >< 	r2

∣∣(E − iε − H)−1
∣∣ 	s2 >

〉
. (13.89)

One then uses the representation of the resolvent as a Gaussian integral

< 	r1

∣∣(E + iε − H)−1
∣∣ 	s1 >= N

D
, (13.90)

N =
∫

Dϕ ϕ�(	r1)ϕ(	s1)e
i
∫

d	rϕ�(	r)(E+iε−V )ϕ(	r),

D =
∫

Dϕei
∫

d	rϕ�(	r)(E+iε−V )ϕ(	r). (13.91)

7 See, e.g., K. Efetov, Supersymmetry in Disorder and Chaos, (Cambridge: Cambridge University Press, 1997).
8 P. W. Anderson. Phys. Rev., 109 (1958) 1492.
9 E. Abrahams, P. W. Anderson, D. C. Licciardello and T. V. Ramakrishnan, Phys. Rev. Lett., 42 (1979) 673.

10 F. Wegner, Anderson localization and nonlinear sigma model, Journ. Stat. Phys., 36 (1984) 283.
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Averaging a ratio over the randomness is difficult. At this stage, we are left with
two choices, replicas or ‘supersymmetry’. Since we have not used Grassmannian
integrals in this book, I shall sketch here the use of replicas. The identity

N

D
= lim

n→0
N Dn−1 (13.92)

leads to

< 	r1

∣∣(E + iε − H)−1
∣∣ 	s1 >

= lim
n→0

∫ n∏
a=1

Dϕaϕ
�
1(	r1)ϕ1(	s1) ei

∑n
a=1

∫
d	rϕ�a(	r)(E+iε−V )ϕa(	r). (13.93)

The same is done with 〈	r2| 1
E−iε−H |	s2〉 (but with i → −i in the exponential),

through a Gaussian integral over n variables ψa(	r). The averaging over the random
potential is then immediate since〈

e−i
∫

dr V (	r)U (	r)
〉
= e−

∫
drU 2(	r), (13.94)

with

U (	r) =
n∑
1

[ϕ�a(	r)ϕa(	r)− ψ�
a (	r)ψa(	r)]. (13.95)

The resulting effective action has a pseudo-orthogonal symmetry O(n, n) (i.e., rota-
tions in 2n dimensions preserve the quadratic form x2

1+· · ·+x2
n−x2

n+1−· · ·−x2
2n),

broken only infinitesimally by the iε term to the subgroup O(n)× O(n). The non-
linear sigma model for the ‘Grassmannian’ manifold O(n, n)/O(n)×O(n) is easy
to formulate.11 The calculation of the β function confirms the analysis of Abra-
hams et al.: localization in two dimensions, a metal–insulator transition in (2+ ε)
dimensions.

11 E. Brézin, S. Hikami and J. Zinn-Justin, Generalized non-linear sigma models with gauge invariance, Nucl.
Phys. B, 165 (1980) 528.
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Large n

The physics of the linear and non-linear sigma models is easy to grasp in the large n
limit; they do lead to identical critical pictures as expected.

14.1 The linear O(n) model

Let us begin with the linear model; the (Euclidean) action reads:

A( 	ψ) =
∫

dd x

[
1

2
(∂μ 	ψ)2 + nV ( 	ψ2/n)

]
, (14.1)

in which V is a simple polynomial such as

V (X) = 1

2
m2

0 X + 1

8
g0 X2. (14.2)

Note that the mass is finite in the large n limit, but the coupling constant of ψ4

is proportional to 1/n. In such a theory, the correlation functions of O(n) invariant
operators factorize in the large n limit:

〈A[ 	ψ2(x)]B[ 	ψ2(y)]〉 = 〈A[ 	ψ2(x)]〉 × 〈B[ 	ψ2(y)]〉 + O

(
1

n

)
, (14.3)

as follows in perturbation theory from counting the number of independent internal
indices in Feynman diagrams. The ‘master field’

ρ(x) = 1

n
	ψ2(x) (14.4)

behaves thus as a classical quantity, and therefore it is expected that, if we formulate
the theory in terms of this master field, at leading order the theory will be classical.
Following Zinn-Justin1 we implement the definition of ρ through the integration

1 J. Zinn-Justin, Quantum Field Theory and Critical Phenomena, 3rd edn. (Oxford: Oxford University Press,
2002).
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Dλ(x)Dρ(x)e

∫
dd x 1

2λ(x)(
	ψ2(x)−nρ(x)) = 1, (14.5)

in which the (properly normalized) integration over λ(x) runs over the pure
imaginary direction. We have thus

A( 	ψ, ρ, λ) =
∫

dd x

[
1

2
(∂μ 	ψ)2 + nV (ρ(x))+ 1

2
λ(x)( 	ψ2(x)− nρ(x))

]
.

(14.6)

One can now trace out the original field 	ψ , through a Gaussian integral leading to

A(ρ, λ) = n
∫

dd x

[
V (ρ(x))− 1

2
λ(x)ρ(x)+ 1

2
Tr log (−∇2 + λ)

]
. (14.7)

The factor n in front of an n-independent functional leads immediately to the
saddle-point solution:

V ′(ρ(x)) = λ(x)/2
ρ(x) =

〈
x

∣∣∣∣ 1

−∇2 + λ(x)
∣∣∣∣ x

〉
. (14.8)

The symmetry under translation implies uniform solutions λ(x) = λ, and ρ(x) =
ρ and thus 〈

x

∣∣∣∣ 1

−∇2 + λ
∣∣∣∣ x

〉
= 1

(2π)d

∫
dd p

p2 + λ, (14.9)

the integral over p being meant with an ultraviolet cut-off given by a microscopic
lattice spacing. This integral is a monotonically decreasing function of λ, which
plays the rôle of a renormalized mass squared, and is bounded by its value at λ = 0

ρc = 1

(2π)d

∫
dd p

p2
. (14.10)

At this limiting point the constants in the potential V are constrained by the first
equation (14.8) V ′(ρc) = 0, i.e., in the simplest quartic potential,

m2
0c = −

1

2
g0ρc. (14.11)

Unbroken phase, ρ < ρc

For ρ smaller than ρc, one can write

ρ − ρc = − λ

(2π)d

∫
dd p

p2(p2 + λ) (14.12)
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and the r.h.s. behaves, for small λ, as λ(d−2)/2. But for ρ close to ρc the first equation
(14.8) gives

1

2
(m2

0 − m2
0c)+

1

4
g0(ρ − ρc) = λ. (14.13)

When the correlation length ξ = 1√
λ

diverges, the term (ρ − ρc)∼ λ(d−2)/2 is dom-

inant with respect to λ1 when (d − 2)/2 is smaller than one, i.e., when d < 4, and
the correlation length behaves as ξ ∼ (m2

0 − m2
0c)
−1/(d−2). For d > 4, the r.h.s. of

(14.13) dominates and one recovers the mean field exponent ξ ∼ (m2
0 − m2

0c)
−1/2.

Broken symmetry

When we have traced out 	ψ(x), we have somewhat hidden the possibility of a
broken symmetry. We may exhibit the broken symmetry through several methods:
(i) without breaking the symmetry by showing that 〈 	ψ(x) · 	ψ(y)〉 does not vanish
for large |	x − 	y|, its limit being the modulus square of the spontaneous magneti-
zation; (ii) by adding an external field and showing that, if we let the volume go to
infinity first, the expectation value of 	ψ does not vanish with the field; (iii) if we
single out one component of the field.

Given that we have traced out 	ψ it is easier to use the third method. If we split
the field into a longitudinal component σ(x) and (n− 1) transverse components
πa(x), it is clear that in a phase in which the expectation values of the transverse
components πa vanish, the field σ(x) is of order

√
n, since σ 2 + π2

a = nρ and ρ is
of order one. Let us thus trace out only the transverse components. We obtain the
action

S(σ, ρ, λ) = n
∫

dd x

[
1

2N
(∇σ)2 + V (ρ(x))+ 1

2
λ(x)(σ 2/n − ρ(x))

]
+ n − 1

2n
Tr log (−∇2 + λ(x)). (14.14)

Since σ(x) is a priori of order
√

n we can again use the saddle-point equations for
large n. They are now

V ′(ρ(x)) = λ(x)
ρ(x)− σ 2(x)/n =

〈
x

∣∣∣∣ 1

−∇2 + λ(x)
∣∣∣∣ x

〉
−∇2σ + λ(x)σ (x) = 0, (14.15)

in which we have replaced (n − 1)/n by one. For a uniform solution one has

λσ = 0 (14.16)
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and we see that when λ vanishes there is a phase with non-zero magnetization σ .
In that phase the mass (squared) λ of the Goldstone bosons remains zero, and the
equations (14.15) become

V ′(ρ) = 0

ρ − σ 2/n = ρc. (14.17)

There is now a solution for ρ > ρc, provided σ is non-zero, i.e., in the phase of
broken symmetry. Noting again that

1

2
(m2

0 − m2
0c)+

1

4
g0(ρ − ρc) = 0, (14.18)

one has below the critical point (i.e., m2
0 < m2

0c), the spontaneous magnetization σ
vanishing like (m2

0 − m2
0c)

1/2: the mean field exponent is not modified in the large
n limit.

It is interesting though to exhibit the spontaneously broken symmetry without
any explicit symmetry breaking. The mathematics are reminiscent of the mech-
anism of the Bose–Einstein condensation in an ideal gas. If we return to (14.6) we
see immediately that

〈 	ψ(x) · 	ψ(y)〉 =
〈
x

∣∣∣∣ 1

−∇2 + λ
∣∣∣∣ y

〉
(14.19)

but in view of the massless limit we have to be careful with the volume. Let us
imagine that the system is enclosed in a box of volume ω = Ld . With periodic
boundary conditions, the free eigenmodes in this box are labelled by momenta
pa = 2πna/L , a= 1, . . . , d and〈

x

∣∣∣∣ 1

−∇2 + λ
∣∣∣∣ y

〉
= 1

ω

∑
p

ei 	p(	x−	y)

p2 + λ . (14.20)

If λ goes to zero we have to isolate the zero-mode pa = 0; in the large-volume limit
the sum over the non-zero modes converges to the usual integral and we obtain〈

x

∣∣∣∣ 1

−∇2 + λ
∣∣∣∣ y

〉
= 1

λω
+
∫

dd p

(2π)d
ei 	p(	x−	y)

p2 + λ . (14.21)

The integral on the right-hand side vanishes exponentially in the massive phase for
large |	x − 	y|, and it behaves as |	x − 	y|−(d−2) in the massless phase. This repre-
sentation shows that the massless limit and infinite-volume limit do not commute.
Therefore, the square of the magnetization is given by

M2 = lim
|	x−	y|→∞

〈 	ψ(x) · 	ψ(y)〉 = 1

λω
. (14.22)
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Similarly, the equation (14.8) reads

ρ =
〈
x

∣∣∣∣ 1

p2 + λ
∣∣∣∣ x

〉
= 1

λω
+
∫

dd p

(2π)d
1

p2 + λ. (14.23)

In the massless phase, in which λ→ 0 this gives

ρ = M2 + ρc, (14.24)

which shows that there is indeed a solution with spontaneously broken symmetry
if ρ > ρc.

It is clear that the representation (14.7) allows for a systematic expansion in
powers of 1/n, and several terms, for the expansion in 1/n of the critical prop-
erties, have been calculated. However, we would like to stress that, together with
the expansion in powers of (4 − d), the 1/n expansion is not simply a calcula-
tional scheme, but mainly a way of defining the critical, i.e., massless theory, in
dimensions lower than four. Indeed, it is well-known that a straight perturbation
expansion for a massless theory in dimension smaller than four is plagued with
infrared divergences. Let us consider, for instance, the ‘bubble’ diagram

B(p) =
∫

ddk

k2(p − k)2
. (14.25)

Counting dimensions, one sees that, at small p,

B(p) ∼ p−(4−d). (14.26)

Inserting a string of k such bubbles in a two-point function diagram at momen-
tum q, one obtains for this diagram∫

dd p
Bk(p)

(q − p)2
, (14.27)

which diverges in the infrared if

k(4− d) ≥ d. (14.28)

Therefore, at fixed d this divergence will make the perturbation theory break down
at order k ≥ d/(4−d). We know of two remedies in the continuum limit described
by a field theory:

(a) ε expansion: at any order, ε = (4−d) goes to zero first, and therefore one never enters
into the dangerous regime of the inequality (14.28).

(b) 1/n expansion: the bubble graph also yields a free sum over internal indices, i.e., a sum
which is proportional to n. Each additional bubble carries such a factor, together with
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a coupling constant g0/n. The large n limit re-sums the geometric series given by the
string of bubbles B(p) and replaces it by

B(p)→ B(p)

1− g0 B(p)
, (14.29)

which is now finite when p goes to zero. The previous infrared divergence is thus
absent in this leading large n limit and the 1/n expansion in the critical regime remains
well-defined for all dimensions.

14.2 O(n) sigma model

It is interesting to compare the previous analysis with that of the non-linear sigma
model in the large n limit. We now normalize the n-component field 	v(x) as 	v2 = 1,

A(	v, α) = n

2λ

∫
dd x(∂μ	v)2 + n

2λ

∫
dd xα(x)(	v2 − 1), (14.30)

in which we have used a Lagrange multiplier α(x) to enforce the constraint, and
changed, for convenience λ to λ/n. (The multiplier α should include a factor i ;
however, it turns out, as above, that its saddle-point value is purely imaginary and
we have simply anticipated this fact.) Note that the parameter λ is proportional to
the absolute temperature, since the model is simply a large-distance continuum
version of a Boltzmann weight for classical spins with short-distance interac-
tions. For large n we will see that a semi-classical approximation becomes exact,
once we formulate the problem in terms of degrees of freedom whose number is
independent of n.

We may then integrate out the 	v field and obtain:

A[α] = − n

2λ

∫
α(x)dx + n

2
Tr log [−∇2 + α(x)]. (14.31)

Since there is only one degree of freedom α(x), the saddle-point approximation is
exact in the large n limit:

2

n

δA

δα(x)
= −1

λ
+ 〈x |[−∇2 + α(x)]−1|x〉 = 0. (14.32)

Translation invariance allows one to look for a uniform solution (α(x) = α):
1

λ
=
∫

dd p

(2π)d
1

p2 + α (14.33)

with some ultraviolet cut-off given by the inverse of the lattice spacing.
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d = 2

In two dimensions,∫
d2 p

(2π)2
1

p2 + α ∼
1

2π
log

�√
α
, for α→ 0, (14.34)

and thus for any temperature λ there is a non-zero solution. For low T :

α ∼ e−
4π
λ . (14.35)

But α = m2 = 1/ξ 2 (ξ is a correlation length). Therefore, the theory, which
began as massless, generated a mass dynamically, as it should, since we know
that there is no continuous symmetry breaking in two dimensions. At low T the
correlation length ξ is large and behaves as e2π/λ, but it remains finite at any
temperature.

d > 2

We have a phenomenon mathematically similar to what we found in the linear
model. The (cut-off) integral ∫

dd p

(2π)d
1

p2 + α
reaches its maximum at α = 0. Calling this maximum

1

λc
=
∫

dd p

(2π)d
1

p2
, (14.36)

we see that the saddle-point equation has a solution only for 1
λ
< 1

λc
, i.e., for

T > Tc. For those temperatures, we can find the behaviour of α = 1/ξ 2 when
T approaches Tc. Indeed,

1

λc
− 1

λ
= α

∫
dd p

(2π)d
1

p2(p2 + α). (14.37)

The right-hand side of this equation vanishes with α as α1+d/2−2=αd/2−1= ξ−(d−2).
The correlation length is thus diverging at λc as

ξ ∼ (λ− λc)
−ν, ν = 1

d − 2
, (14.38)

as found earlier with the linear model. What happens if the temperature is such
that λ < λc, since there is no solution to the saddle-point equation (14.33)? Again,
we have to return to the derivation and either allow for a broken symmetry or
show that the two-point function 〈	v(x)	v(y)〉 does not vanish at large separations at
temperatures lower than Tc. If we choose to split again 	v into a longitudinal field
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σ(x) and transverse components πa(x), we trace out the (n − 1) π-modes. We
obtain then the action

A(σ, α) = n

2λ

∫
dd x

[
(∂μσ )

2 + α(σ 2 − 1)
]

+ 1

2
(n − 1)Tr log(−∇2 + α). (14.39)

Again, for large n the solution is given by a saddle-point, i.e., neglecting the
difference between n and (n − 1), by

− ∇2σ + σα = 0

λ

〈
x

∣∣∣∣ 1

−∇2 + α
∣∣∣∣ x

〉
= 1− σ 2, (14.40)

which, with translational invariance, gives

σα = 0

λ

∫
dd p

(2π)d
1

p2 + α = 1− σ 2. (14.41)

The broken symmetry phase is again apparent with α = 0, i.e., massless Goldstone
bosons and the second equation reading

λ

λc
= 1− σ 2. (14.42)

We discover again that the spontaneous magnetization σ vanishes at the critical
point as (Tc − T )1/2. This physical picture persists for finite n.

It is interesting to compare the renormalization group strategies of the linear
and non-linear model. The linear theory involves one relevant variable, the mass
squared, and one irrelevant variable in dimensions less than four, the ϕ4 coupling
constant, which is driven to its fixed point in the large-distance limit. The equivalent
non-linear model contains only the relevant temperature variable, which has to be
fixed to its critical value to obtain a large-distance scale-invariant theory. Therefore,
the non-linear model fixed point for its temperature coupling constant is necessarily
an ultraviolet fixed point. Let me stress again that, since the relevant temperature
variable flows away from the fixed point in the large-distance limit, it is an infrared
repulsive fixed point, which is identical to an ultraviolet stable fixed point when
there is only one variable. In two dimensions, the model has to flow away from
the zero-temperature fixed point in the infrared: the non-linear sigma model is thus
certainly asymptotically free (in the ultraviolet), as shown in the previous chapter
from explicit calculations.

Finally, we have seen that the linear and non-linear models are equivalent
descriptions of the same physics in the large n limit. In fact, this persists
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to all orders in 1/n. Furthermore, there is complete consistency between the
(4− d), 1/n and (d − 2) expansions. For instance, the critical exponent ν, which
governs the divergence, of the correlation length, is given by the three expansions

ν = 1

2
+ (n + 2)(4− d)

4(n + 8)
+ O(4− d)2

= 1

d − 2
− 2

n

�(d)

d �3(d/2)�(2− d/2)
+ O(1/n2)

= 1

d − 2
− 1

n − 2
+ O(d − 2). (14.43)

Several more terms are known in those three expansions, but I simply quote
the results to stress their compatibility. For instance, if one takes the large n
result (middle line) and expands it for d near four, one recovers the first line with
(n + 2)/(n + 8) replaced by (1 − 6/n); the same is true if one considers large n
with d near two, provided 1/(n − 2) is replaced by 1/n in the (d − 2) expansion.

In conclusion, one sees that, if computing accurately, the critical properties
of a given system in three dimensions remain a problem requiring delicate non-
perturbative expansions; the coherence of the picture in the d, 1/n plane gives
confidence that no essential physical element is missing in our understanding of
the problem. One can say that it is well-understood in the same way that quantum
electrodynamics are understood.



Index

block spins, 101

Cardy, x
correlation inequalities, 49

(d − 2) expansion, 152
d-dimensional integrals, 6
de Gennes, 61
decimation, 103
dimensional analysis, 118
dimensional regularization, 132

epsilon expansion, 122
exchange forces, 22

fluctuations, 95
rôle of dimension four, 98

fractal dimension, 60
Friedan, 153
functional derivative, 6

Gaussian integrals, 4
Ginibre, 49
Ginzburg criterion, 99
Goldstone theorem, 138

high-temperature series, 52
Hikami, 155

Ising, 10

Kadanoff, 101
Kosterlitz–Thouless, 20, 151
Kramers–Wannier duality, 57

Landau theory, 68
large n, 156
lattice gas, 26
Le Guillou, Zinn-Justin, 125
liquid–gas transition, 78

massless theory, 132
master field, 156
mean field, 85
mean field theory, 87

relation to Landau theory, 92
spatial correlations, 91

meaning of renormalizability, 128
minimal subtraction, 133
multi-component order parameter, 120

one-loop free energy, 96
Onsager, 9

Parisi, x
path integral, 29, 47
Peierls, 9
percolation, 64
Perron–Frobenius, 37
Polyakov, 144, 153
Potts model, 64

renormalization group, 109
ϕ4, 113
cubic fixed point, 125
experimental test, 119
flow for d = 4, 116
history, 100
non-linear sigma model, 150
renormalized theory, 128
structure, 109
triviality of (ϕ4)4, 132

scaling laws, 82
self-avoiding walks, 60
sigma model, 142

localization by disorder, 154
on a Riemannian manifold, 153

strong dipolar forces, 120

table of critical exponents, 82
transfer matrix, 32

165



166 Index

tricritical point, 21

universality, 80

Wegner, 154
Weiss molecular field, 85

Wick theorem, 5
Wilson, ix, 82, 129
Wilson–Fisher, 123

Zinn-Justin, x, 155, 156


	Half-title
	Title
	Copyright
	Contents
	Preface
	1 A few well-known basic results
	1.1 The Boltzmann law
	1.1.1 The classical canonical ensemble
	1.1.2 The quantum canonical ensemble
	1.1.3 The grand canonical ensemble

	1.2 Thermodynamics from statistical physics
	1.2.1 The thermodynamic limit

	1.3 Gaussian integrals and Wick's theorem
	1.4 Functional derivatives
	1.5 d-dimensional integrals
	Additional references

	2 Introduction: order parameters, broken symmetries
	2.1 Can statistical mechanics be used to describe phase transitions?
	2.2 The order–disorder competition
	2.3 Order parameter, symmetry and broken symmetry
	2.4 More general symmetries
	2.5 Characterization of a phase transition through correlations
	2.6 Phase coexistence, critical points, critical exponents

	3 Examples of physical situations modelled by the Ising model
	3.1 Heisenberg's exchange forces
	3.2 Heisenberg and Ising Hamiltonians
	3.3 Lattice gas
	3.4 More examples
	3.5 A first connection with field theory

	4 A few results for the Ising model
	4.1 One-dimensional Ising model: transfer matrix
	4.2 One-dimensional Ising model: correlation functions
	4.3 Absence of phase transition in one dimension
	4.4 A glance at the two-dimensional Ising model
	4.5 Proof of broken symmetry in two dimensions (and more)
	4.6 Correlation inequalities
	4.7 Lower critical dimension: heuristic approach
	Discrete symmetries
	Continuous symmetries

	4.8 Digression: Feynman path integrals, the transfer matrix and the Schrödinger equation
	Appendix Derivation of the GKS inequalities

	5 High-temperature and low-temperature expansions
	5.1 High-temperature expansion for the Ising model
	5.1.1 Continuous symmetry

	5.2 Low-temperature expansion
	5.2.1 Kramers–Wannier duality

	5.3 Low-temperature expansion for a continuous symmetry group

	6 Some geometric problems related to phase transitions
	6.1 Polymers and self-avoiding walks
	6.2 Potts model and percolation

	7 Phenomenological description of critical behaviour
	7.1 Landau theory
	7.2 Landau theory near the critical point: homogeneous case
	Spontaneous magnetization
	Susceptibility
	Specific heat
	Critical isotherm

	7.3 Landau theory and spatial correlations
	7.4 Transitions without symmetry breaking: the liquid–gas transition
	7.5 Thermodynamic meaning of gamma{m}
	7.6 Universality
	7.7 Scaling laws
	Appendix Large-distance behaviour of the free propagator

	8 Mean field theory
	8.1 Weiss `molecular field'
	8.2 Mean field theory: the variational method
	8.3 A simpler alternative approach

	9 Beyond the mean field theory
	9.1 The first correction to the mean-field free energy
	9.2 Physical consequences

	10 Introduction to the renormalization group
	10.1 Renormalized theories and critical points
	10.2 Kadanoff block spins
	10.3 Examples of real space renormalization groups: `decimation'
	One dimension
	More than one dimension
	Another example
	Percolation

	10.4 Structure of the renormalization group equations
	Summary


	11 Renormalization group for the phi4 theory
	11.1 Renormalization group…without renormalization
	Susceptibility
	Coupling constant
	Renormalization group flow

	11.2 Study of the renormalization group flow in dimension four
	11.3 Critical behaviour of the susceptibility in dimension four
	11.4 Multi-component order parameters
	11.5 Epsilon expansion
	11.6 An exercise on the renormalization group: the cubic fixed point
	Conclusion

	12 Renormalized theory
	12.1 The meaning of renormalizability
	The coefficient of m6 in the free energy
	The shift of g0

	12.2 Renormalization of the massless theory
	12.3 The renormalized critical free energy (at one-loop order)
	12.4 Away from Tc

	13 Goldstone modes
	13.1 Broken symmetries and massless modes
	13.2 Linear and non-linear O(n) sigma models
	13.3 Regularization and renormalization of the O(n) non-linear sigma model in two dimensions
	13.3.1 Regularization
	Lattice regularization
	Dimensional regularization

	13.3.2 Perturbation expansion and renormalization

	13.4 Renormalization group equations for the O(n) non-linear sigma model and the (d-2) expansion
	13.4.1 Integration of RG equations and scaling

	13.5 Extensions to other non-linear sigma models
	Sigma model on an arbitrary Riemannian manifold
	Localization by a disordered potential


	14 Large n
	14.1 The linear O(n) model
	Broken symmetry

	14.2 O(n) sigma model

	Index


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends false
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages false
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


